§8.1 Solving Quadratic Equations by Completing the Square
The first topic is how to solve a quadratic equation by taking the square root of both sides.  This method is used mostly when we have two perfect squares, but can be used under any circumstance where the variable is squared (or in a binomial that is being squared).  It does exactly the same job as factoring when we have the difference of two squares when the quadratic is in standard form, but when we have the sum of two squares we can’t factor, so with the addition of the imaginary unit from §7.7 we can take the square root of a negative number.  This method is identical to the method that we used to solve a Radical Equation that contained one radical and another term, except we aren’t going to square each side, but take the root of each side and remember that the root of a number yields both a positive and a negative answer!




If    x2  =  a  and a( (,  then
x  =  ((a


Example:
Use the square root property to solve the following.

a) x2  (  144  =  0

b) x2  +  144  =  0

c) x2  (  12  =  0

d) (2x  +  1)2  =  5

Note:  The answer for this will look like the answer from using the quadratic formula!
First of all, in order to understand our next method of solving quadratic equations, you must know what a perfect square trinomial is and that it factors to a binomial squared.  We will be creating a perfect square trinomial by math magic.  This is similar in concept to taking a trinomial and expanding it to a four-termed polynomial to factor by grouping.

This method then solves what we have created using the square root property.

The Process for Creating a Perfect Square Trinomial 

1)
If there is a leading coefficient other than one, remove it!



e.g.
2x2  +  3x  (  20  =  0  (
x2  +  3/2 x  (  10  =  0

2)
Move the constant to the right side of the equation.



e.g.
x2  +  3/2 x  (  10  =  0 (   x2  +  3/2 x  =  10

3)
Since in a perfect square trinomial, the middle term is twice the square 

root of the constant term times (when there is no leading coeff.), and we are working backward to get the constant term (inversely), we must  take ½ of the middle term [that’s the first degree term (x term)] and then square it (the result will always be positive)


e.g.
½ of 3/2  is ¾    and square ¾   is   9/16
4)
Add the result in 3)  to both sides of the equation (what you do to the left 

you do to the right and the equation remains equivalent).


e.g.
x2  +  3/2 x  +  9/16  =  10  +  9/16
5)
Now the left side of the equation is a perfect square trinomial’s factors 

(x plus ½ of the original term before you squared it!!, quantity squared)and the 

right side is just a number.  Rewrite them as such and apply the square root property.


e.g.
x2  +  3/2 x  +  9/16  =  10  +  9/16
(  (x + ¾)2 =  169/16
6)
Solve the equation.



e.g.
((x  +  ¾)2  =  (169/16  (
(x  +  ¾)  =  ( 13/4





(  x  =  -3/4 (  13/4  =  10/4 or -16/4 = 5/2, -4


Example:
Solve the following by completing the square.

a)
x2  +  2x  (  3  =  0

b)
x2  (  2x  (  3  =  0

c) x2  +  2x  (  4  =  0



d)
x2  +  2x  +  3  =  0

d) 2x2  +  2x  (  3  =  0

§8.2 Solving Quadratic Equations by the Quadratic Formula
More than likely, everyone in this class has encountered the quadratic formula.  Nearly every algebra class introduces the quadratic formula for the end all way of solving quadratic equations that can’t be factored.  We now have a second way of doing that with completing the square but some of you will still prefer the quadratic formula.  Another thing about the quadratic formula is that it gives us information about the number and kinds of solutions to a quadratic equation as well as the number of x-intercepts.  We’ll discuss this a little later.

Quadratic Formula


For 
ax2  +  bx  +  c  =  0

x =   -b  ( ( b2  (  4ac  










     2a

Note:  It is not just the radical expression that is divided by 2a, it is the entire

 –b  ( ( b2  (  4ac.  I mention this because it is a common error.

Prior to this class, you may not have had quadratic formula problems that ended up with negative numbers under the radical or radical expressions that could be simplified.  Watch for this simplification!!

Example:
Solve each equation using the quadratic formula.

a) x2  +  2x  (  3  =  0

b) x2  +  5x  (  3  =  0

c) x2  (  5x  +  3  =  0

Example:
Solve each equation using the quadratic formula.

a) x2  (  3x  +  6  =  0

b) 2x2  (  2x  (  3  =  0

c) 3x2  (  2x  (  3  =  0

d) 2x2  (  2x  +  3  =  0

Note:  In the first set of examples the problems did not simplify any further than the answer you obtained, but each of those in the second set had radicals that required simplification (possibly with an imaginary unit) and maybe even simplification involving factoring a common factor from the numerator to cancel in the denominator.  

Note2:  Don’t try to cancel parts of an addition problem with the denominator!!  You can only cancel in multiplication!!!!
There is some useful information contained in the quadratic formula.  This information is the quantity under the radical –   (b2  (  4ac).  It is called the discriminant, and it tells us how many solutions a quadratic equation has and thus how many x-intercepts.


If
b2  (  4ac > 0,  then  there are 2 ( solutions (2 x-intercepts)


If
b2  (  4ac = 0,  then  there is 1 ( solutions (1 x-intercepts; the 

       vertex is on the x-axis)

If
b2  (  4ac < 0,  then  there are no ( solutions (no x-intercepts)

Example:
Find the discriminant and indicate the number of ( 

solutions or no ( solution.

a) 2x2  (  x  +  5  =  0

b) 2x2  (  x  (  5  =  0

c) 4/9 x2  (  10/3 x  +  25/4  =  0

Recall that asking what values will make a function [f(x)]  have a given value [f(x) = #]  is asking you to solve the resulting quadratic equation.


Example:
For the function
f(r)  =  3r2  (  4r  +  1, 
determine 

all ( of the variable for which  f(r)  =  3.

§8.3 Quadratic Equations:  Applications and Problem Solving
This section has three main points that need to be addressed – Distance Problems, Work Problems and Solving a Formula for a Variable.  As you might expect they will all deal with quadratic equations!

Let’s begin with a review of distance problems.  Recall that d = rt  or t = d/r .  In either circumstance you will seemingly have two unknowns.  It is generally the case that the unknown that you are asked to determine is the variable and the other unknown is used to create an equation since you know some relationship involving that unknown.  Our most common scenarios are that rate = r is the variable and d = distances form the equation.  Our second most common scenario is that distances = d are unknown and there is a relationship between the times = t forming the equation.  The most popular scenario for rational expression equations, the type we will be dealing with here,  is rate = r is unknown and individual times are unknown but a relationship exists between these individual times giving the equation.


Example:
Jan drove 70 miles on back roads behind farm equipment 

before she reached the freeway where she traveled 260 

miles at an average speed that was 30 mph faster than her 

back roads’ speed.  Her total trip took 6 hours.  What was 

her average speed on the freeway.


Example:
This one makes you think a little more, but the scenario 

is the same.


Jack drives from his home to a popular tourist 

attraction, a distance of 300 miles.  If he had traveled 10 

mph faster he figures that he would have arrived in time 

to see the Whiz Bang Show an hour earlier.  What was 

Jack’s average speed?

Next, let’s review work problems, since they go hand in hand with distance problems.  Work is equal to rate times time.  Rate of work is one over the time it takes to complete the job individually and time worked is the total time together.  Part of the task (work) completed is the product of time and rate and the sum of the parts is always one when two or more things are working together!


Example:
Mary wants to fill her pool more quickly than the water 

inlet alone can fill it, so she begins filling it with a hose 

as well.  The pool will fill in 8 hours with both the inlet 

and the hose working.  If , by itself, the inlet could fill the 

pool in 3 hours less than the hose by itself, how long 

would it take the inlet to fill the pool by itself.


Example:
Maury and Joe can paint a room together in 6 hours, but 

individually it would take Maury ½ hour longer than Joe.  

Find Joe’s time to complete the job by himself.

The last thing included in this section is solving formulas for a given variable.  As might be expected these formulas contain radicals and quadratics.


Pointers:
Isolate the variable as much as possible




Square each side or root of each side




Further isolate the variable; might include root or square


Example:
Let’s go to our book for these

a) #15  p. 556

b) #25  p. 556

c) #27 p. 556

§8.4 Writing Equations in Quadratic Form
I know that some of you dread substitution type problems, such as those that we encountered in factoring problems like (x (2)2  +  2(x ( 2)  (  3.  The skills developed in factoring this type of problem by seeing it as nothing more than a2  +  2a  (  3 and then factoring, and finally re-substituting a  =  x ( 2 into the factors, are the same skills that we will be using in this section to see a quadratic equation where none exists.  Let's go over a problem of this type to highlight the steps.

Solving An Equation that is Quadratic in Form
1)
Put the equation in quadratic form by rewriting the highest degreed 

term and the second highest degreed term by dividing by two.  (The 

quotient is the exponent that the base is raised to.)


x4  (  10x2  +  9  =  0  (
(x2)2  (  10(x2)1  +  9  = 0

2)
Substitute a different variable such as u for the new "base"




u  =  x2



(x2)2  (  10(x2)1  +  9  = 0  ((u)2  (  10(u)1  +  9  = 0

3)
Now solve the resulting equation by factoring, completing the square 

or with the quadratic formula.


(u  (  9)(u  (  1)  =  0  (

u  =  9,1

4)
Re-substitute the value of u and solve the resulting equations


u = x2  (
x2  =  9   or   x2  =  1  (  x  =  (9  or (1 (  x  = (3,(1

5)
Check your solutions to remove any extraneous solutions



((3)4  (  10((3)2  +  9  =  0  (  81  (  90  +  9  =  0  true



((1)4  (  10((1)2  +  9  =  0  (  1  (  10  +  9  =  0  true

(
x  =  (3,(1


Example:
Solve the following by putting in quadratic form.



a)
 (factor)
2x4  (  x2  (  3  =  0



b)
(quadratic formula or complete sq.)



2x4  (  x2  +  3  =  0



c)
(quadratic formula or complete sq.)



2x4  +  x2  (  5  =  0

This leads us to the next skill, which requires the skill of putting an equation into quadratic form.  This time the twist is in the exponents.  Our exponents will be rational numbers (fractions and negatives).  The key is to get the denominator to be part of the exponent of the bases' exponent inside the parentheses.




Example:
a)
Write
x
as    (     )2




b)
Write  x -4
as 
(     )2

Example:
Solve



a)
x      (  3x      (  4  =  0



b)
x  +  3(x  (  4  =  0



c)
2x –2  +  x –1  (  6  =  0

§8.5 Graphing Quadratic Functions
Parabolas are the graphic representation of a quadratic function.


Form

y  =  a(x  (  h)2  +  k

How do you get there from 
y  =  ax2  +  bx  +  c?


Complete the square!  The trick is to keep it all on one side of the equation.


Example 1:
y  =  x2  (  2x  (  15



Partition:
y  =  (x2  (  2x              )  (  15



Complete the square:

y  =  (x2  (  2x  +  1)  (  15  (  1



Rewrite:

y  =  (x  (  1)2   (  16


Example 2:
Rewrite y = 2z2  (  7z  (  4  in  y  = (x  (  h)2  +  k  form



Partition:
y  =  (2z2  (  7z        )  (  4



Get rid of leading coeff:
y  =  2(z2  ( 7/2 z          )  (  4



Complete the square:

y  =  2(z2  (  7/2 z  +  49/16)  (  4  (  49/8


Rewrite:
y  =  2(z  (   7/4)2  (  81/8
Why would you want to work so hard?  This form give the vertex!



y  =  a(x  (  h)2  +  k  

is a parabola with the vertex (h, k) and axis 

of symmetry x  =  h.

3  Methods of Finding Vertex

1)
Putting the function in the form:
y = a(x  (  h)2  +  k

2)
(-b/2a,  f(-b/2a))

where a & b are as in the quadratic formula

3)
(-b/2a,  4ac ( b2/4a)
where a,b & c are as in the quadratic formula


Example 3:
Find the vertex of 
y = x2  (  2x  (  15
using 2 & 3 above.  

Does it agree with example 1?

Recall in graphing a parabola:


(
sign of “a” tells us if the parabola opens up or down (this is called reflection)

(
values added or subtracted from x move the vertex to the left (if added) or

right (if subtracted) [this is called horizontal translation of y = x2]
(   values added or subtracted from the entire squared component move the vertex up (if added) or down (if subtracted) [this is called vertical translation of y = x2]

Example 4:
y  =  (x  (  1)2  (  16


   The parabola opens up as “a” is positive one


   The parabola’s vertex is shifted 1 unit right from the origin on the x-axis


   The parabola’s vertex is shifted 16 units down from the origin on the y-axis

New
Stretching &  Shrinking


The value of “a” pulls or pushes the graph from the top. 

(   If a > 1 then it stretches the graph which makes it narrower (think of 

      someone pulling the ends when it y = x2)


(  If 0 < a < 1  then it shrinks the graph which makes it fatter (think of 

     someone pushing down on the ends when y = x2)

Example 5:
y  =  2(x  (  7/4)2  (  81/8
Y-Intercept of a parabola


In y = ax2 + bx + c form then 

c = y-intercept

(0, c)


In  y =  a(x  ( h)2  +  k  form  then let x  =  0 and solve for y.

Example 6:
Find the y-intercept of each of the following.  Write it as an ordered pair.

a) y  =  (x  (  1)2  (  16

b) y  =  2z2  (  7z  (  4

X-Intercept of a parabola


Recall if the discriminant (b2  (  4ac) is > 0 then 2 x-intercepts exist, if  = 0 then 1 

exists & if < 0 none exist!!


Finding the x-intercept is letting y =0, so it is solving a quadratic equation 

which can be done using factoring, quadratic formula, square root 

property or completing the square.

Example 7:
Find the x-intercept(s) of example 6 if they exist.

What do all these things do for you?

They allow you to easily graph any parabola.  With the addition of a point 

symmetric to the y-intercept and possibly a couple more random symmetric points 

the parabola is quickly graphed.

Example 8:
Graph

y  =  (x  (  1)2  (  16  based upon its translation 

from y = x2 and the intercepts, a symmetric point to the y-intercept 

and 2 additional points.

2/3





2/3





1/3





(Subtract it out





Add in (1/2( mid term)2(





Notice 2 ( 49/16 is subtracted out (
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