§7.2 Rational Exponents
We have already discussed rational exponents and how they work during our discussion of radicals in Chapter One.  You may recall that the index is the denominator of the fractional exponent and any exponent on the radicand is the numerator of the fraction.  This allowed us to much more easily evaluate radical expressions containing variables and even large numbers.  The trick was to re-write numbers using their prime factorization in exponential form.  We will always assume that variables are non-negative.




(xm    =  x 

All of the exponent rules that we have learned then apply to these newly expressed radical expressions.  Let's review:

Multiply like bases – Add exponents




x    (  x       =  x

Divide like bases – Subtract denominator exponent from numerator exponent


    x         =  x


    x

Negative Exponent – Take the reciprocal of the base



x     =      1    




    x

Power Rules – Multiply the exponents



( x   )    =  x



(x2 y4 )   =  x         y 



   x2        =       x    



   y4

y

You must also be able to take a radical expression written using exponents and put it into standard form as a radical expression.  This is simply knowing what the exponent represents.
Recall numerator is the radicand's exponent and the denominator is the index.



Example:
- x 

Your Turn

Example:
Write each in exponential form.



a)
2( x 13


b)
( 2( x )13
Note:  It doesn’t matter whether the exponent is outside or inside the representation appears the same when dealing with positive numbers!  Remember that we assume the variables are positive.



c)
3( 4x  +  3y2

Example:
Write each expression in radical form




a)
a



b)
x




c)
(5x2)



d)
(2x  (  y2)


Example:
Simplify by changing to exponential form.  Write the 

answer in radical form when appropriate.



a)
3( x 12



b)
12( x 3


c)
( 3(x2yz3 )21


d)
(4(x2yz3 )2



e)
( ( x4



f)
3(  4( x

Example:
Evaluate if possible.  If the expression isn’t (, so state.




a)
(-125)



b)
(-100)




c)
(-27)



d)
16    +    25


Example:
Write in exponential form without negative exponents.




a)
a   (  a


b)
x   (   x




c)
(  x    )


d)
   x   




















   x




e)
   a   





   a

Note:  On these problems it is the exponent rules that are being used.  What makes that cumbersome is that the rules are being used on fractions which means that we must add and subtract fractions when we are multiplying and dividing like bases.

§7.3 Simplifying Radicals
You may have done problems in Algebra like the simplest of the problems in this section.  Furthermore, you may have done these problems by asking yourself what is the largest perfect square that goes into each of the numbers.  I don’t usually teach this section in this manner, even in Algebra.  I like to teach it from a prime factorization standpoint and then use division by the index and look at quotients and remainders.



For example:
( 8  =  (4 ( 2  =  (4  (  (2  =  2(2

This uses a rule that we should review.


Product Rule for Radicals



(a ( b  =  (a ( (b

This is the way you may have learned to do this problem.  My approach goes like this:


8 = 23
and 
Square root’s index is 2  therefore using what we learned in §7.2



(8  =  ( 2 3  =  2
And 3(2 = 1R1.  

The quotient represents exp. of the base outside the radical

The remainder represents exp. of the base inside the radical

(because the remainder goes over the divisor, creating a fractional exp.)

( (8  =  ( 2 3  =  2   =  2(2     =  2(2


Example:
Simplify the following using the quotient & remainder 

idea.

a) (12



b)
( x3y2
c)
3( 24x2y5


c)
5(32x6y2z5
Another important rule that we need to review will keep us out of sticky situations when dividing.  I say “sticky” because there is a rule that you may not be aware of that a radical in the denominator is not allowed!


Quotient Rule for Radicals



  a        =  (a 

  b
     (b

When dealing with quotients we want to simplify the quotient first and then apply the radical, so we need to know that the radical of a quotient is the same as a quotient of radicals.



Example:
3(  3  
  =
  3  
=
  1  
=
3(1  
=
  1  





3( 24

 24

  8

3(8

  2

Now, let’s have you give it a shot.


Example:
Simplify.



a)
  36 x3  


b)
  (32 x2y3 





    y2




   (2 xy




c)
   4 x2    


d)
    4( xy3      





 27x14y3



  4(16x5y3
§7.4 Adding/Subtracting & Multiplying Radicals
Adding and subtracting radicals is an application of simplifying algebraic expressions.  The only difference is that the radicals must be simplified before we can see the like terms!  We’ll see in the next example that the radical acts like a variable, so that the two terms are the same.


Example:
15(2  +  (2

is just like saying 15x  +  x  but the (2 

is the x!

Sometimes our radicals need to be simplified before we can see that they are alike.  To simplify we must use the skills learned in §7.3.


Example:
9(8  (  2(2

Sometimes there is more than a single like term.  On these, be careful when simplification is needed so that you don’t assume that the terms that you simplify will combine.  Also be aware that there may be variables not within radicals that you must look at as part of the like term.  Numbers are the numeric coefficients that add/subtract and all else is the variable portion that must be considered for like terms!!



Example:
(x  (  2(x2y  +  3x(y  (  2(x

Occasionally, you may also need to simplify and factor the radical out because there are no like terms to combine, yet the radical is alike!


Example:
(12xy  (  (3x3y

Your Turn


Example:
Simplify



a)
(x  +  2(x


b)
(x2y  (  2x(y



c)
2 3(y  +  (24x  (  5 3( y4
d) 2x(2x2y3  +  9(8y5
Next, we are on to multiplication.  Multiplication is really using exponent rules and the product rule of radicals (product of roots is root of product) until you must multiply 2 rational expressions that are binomials and then we have one special case that will soon become important in our lives (next sections) and just an application of FOIL involving radicals.



Example:
(12xy3  (3xy

Note:  Anytime the index is the same the product rule applies, just like in §7.3.  This makes this problem little more than a §7.3 problem.


Example:
[ (8x3y5 ]3
Note:  Again this is just a §7.3 problem as the exponent rules apply.

Example:
(2 ( (2  (  (6 )

Note:  This is truly a problem for this section.  It involves simplifying and then combining like terms if necessary.


Example:
((x  +  (y)((x  (  (y)

Note:  This is the special case that will be used later to rationalize denominators.  Recall that the sum and difference when multiplied will yield the difference of two squares and when a square root is squared (assuming that the number inside is a positive) the answer is the radicand.  IF the assumption that the radicand is positive is not made then the answer must be the absolute value of the radicand (important to problems #103-106).

Example:
(3(x  +  3(y)(3(x  (  3(y)

Note:  This is not the difference of two cubes!!  This example extrapolates to all other binomial times binomial problems as you must foil and then combine like terms after simplifying each term.
Now, you should do the following problems from your book:

p. 486 #42, 49,57, 60, 72, 95, 96, 102, 105

§7.5 Dividing Radicals
We already know that to have a radical completely simplified there cannot be a radical in the denominator.  However, up until this section all denominators have simplified so that they do not include a radical.  What if they don’t?  This is where we learn to rationalize a denominator.  Rationalizing a denominator means multiplying the denominator and the numerator (so that an equivalent fraction is maintained) by a root such that we form a perfect square, cube, etc.  Since we should already be in the habit of using prime factors we shouldn’t have too difficult of time making perfect squares, cubes, etc, as that is just multiplying by another factor with an exponent of the difference of the perfect square (cube, etc.) and what we currently have.


Example:
    1      =     1     (    (2     =     (2     =     (2     =     (2  





  (8
      (23
 (2
      (24
    22
           4


Example:
    1     =        1       (    3(2(32    =    3(18     =   3(18     





3(12
     3(22(3
     3(2(32
   3(23(33          2(3
           




=   3(18  


  

        6

Your Turn

Example:
Simplify.  Assume that all variables represent positive #s.


a)
    2      



b)     5  
     

                  (7




    3(2x    


c)
  2x2y     



d)    (2x3y     




  18z3
      



      (7x-2z


Now, what happens if the denominator contains a binomial like those that we multiplied out in §7.4?  Well, the reason that we multiplied binomials containing radicals in the last section was in order to practice one of the skills for multiplying binomials that come from rationalizing the denominator that is a binomial containing at least one radical.  This time we must think in terms of what when multiplied will give us the difference of two perfect squares.  This binomial is called the conjugate.  The conjugate is a binomial with the exact same terms but the opposite sign.


Example:
What is the conjugate of the following?

a) 5x  +  (2

b) (x  (  y

c) (5x  (  3(5y

Once the conjugate of the binomial denominator is found then we multiply both the denominator and the numerator by this conjugate, creating problems like those found in §7.4.  Also recall that multiplying (a + b)(a  ( b) = a2 ( b2 and this is the reason for the conjugate being defined as it is – because when you square a square root you get the radicand.

Example:
Simplify by rationalizing the denominator.

a)
       1       


5x  +  (2



b)
     (3      



(x  (  y

c)
  (2y  +  (5x   


(5x  (  3(5y

§7.6 Solving Radical Equations
The reason that we have practiced all the parts in the previous sections is so that we can solve radical equations.  There are 3 types of radical expression equations – ones that contain 1 radical, ones that contain 2 radicals and ones that contain 2 radical terms and one non-radical term.  We’ll take on each type separately.

Contains 1 Radical

1)  Get radical on one side and constant on the other by using the addition 

      property.

2)  Square both sides (cube if cube roots, etc.)

3)  Solve the resulting equation

i) Linear equation

ii) Quadratic equation

4)  Check solutions (some may not be valid)

Example:
Solve the following.

a) (x  =  8

b) (x  (  2  =  9

c) (x  +  2  =  x

d)
(3x  +  4   (  x  =  -2

Containing 2 Radicals
1)  Get the radicals on opposite sides using the addition property, if there is a 

      numeric coefficient remove it too, using the multiplication property.

2)  Square both sides (cube for cube roots, etc.)

3)  Solve the resulting equation

4)  Check the solution


Example:
Solve the following.



a)
4(5x  +  2  =  4(2x  +  16

b) (x  +  1  =  (5


Example:
If f(x) =  3(x  and  g(x) = 3(5,  find f(x) = g(x)

Containing 2 Radicals & 1 Non-radical Term
1)  Isolate a single radical on one side & 1 non-radical and other radical on opposite side.

2)  Square both sides (this will eliminate one radical, but one will remain)

3)  Isolate the remaining radical by moving every other term to the other side, including 

     removal of the numeric coefficient if convenient 

4)  Square both sides again

5)  Solve the remaining equation

6)  Check the solution (remember that all solutions may not be valid)


Example:
Solve the following radical expressions.

a)
2(b  (  1  =  (b  +  16


b)
(a  (  3  =  (a  (  3

Containing 3 Radicals
1)  Square each side twice

2)  Solve the resulting equation

3)  Check the solution



Example:
(2x  (  1  +  (x  (  4    =    (3x  +  1

§7.7 Complex Numbers
Really this section is taking everything that we have learned in sections 1 thru 6 and adding an additional concept – the imaginary unit i.


i2  =  -1  and therefore   (-1  =  i
Note:  You will notice that the book takes everything to (-1  =  i, but I go with i2 under the radical to represent the –1.  I find this less labor intensive as i2’s root is i, giving the same end result.
What this really means is that we can now take the root (when the index is even) of a negative number.  Roots of negative numbers are called imaginary numbers since they aren’t real.  We will take the negative and make it “i2” and multiply it by the number.  Let’s practice just that step.


Example:
Rewrite these negative numbers as i2 times a number.



a)
-5


b)  -144

This leads us to complex numbers.  Complex numbers are numbers that have an imaginary component.



a  +  bi

a,b ( (  and “i” is the imaginary unit

This leads us to a baby step that will lead to the larger step of adding and subtracting complex numbers, which is an application of adding/subtracting radicals.  Our first step is to write complex numbers in the form a + bi.  This requires the examples above applied to negative numbers under radicals with even indexes and then a simplification.


Example:
Simplify the following to the form a + bi


a)
7  (  (-16


b)
-1  +  (-8

c) (-72

Note:  When there is no a component of a complex number the a is zero, hence 0 + bi.

Adding/Subtracting Complex #’s
1)  Simplify any radical to their complex component “bi”

2)  Combine like terms (#’s with numbers and imaginary units with imaginary units)
3)  Write in the form “a + bi”


Example:
Add or Subtract

a) (9  +  3i)  (  (2  (  2i)

b) 3  +  (-16  +  (-25  (  10

c) 12  (  (-12  +  3  (  (-27

Multiplying Complex Numbers

1)  Change all imaginary numbers to their complex component “bi”

2)  Multiply (usually using FOIL or distributive property)
3)  For any i2 substitute -1

4)  Simplify into “a + bi” form


Example:
Multiply

a) -2i(5  (  3i)

b)
(-25(3  (  (-9)



c)
(5  +  (-20)((-45  (  2)


The conjugate of a complex number does not change, but you may have to simplify first in order to find the conjugate.  Because the conjugate of a complex number squares the i you will get i2 which is –1 and you will end up with a ( instead of a binomial!


Example:
Find the conjugate of 
(-8  +  2



Example:
Multiply (-8  +  2 by its conjugate

Dividing Complex Numbers

1)  Change all imaginary numbers to their complex component

2)  Rationalize the denominator by multiplying both numerator and denominator by the   

     conjugate.

3)  Simplify and rewrite in “a + bi”


Example:
Divide  (Don’t forget that i2 simplifies to –1)


a)
  -2  



b)
  i  +  5  





   i




     -2i



c)
  2  (  3i  


d)
       3       





  2   +  5i



  2  (  (-3



e)
    (-12      


f)
  (-80 (-10  





 (2  +  (-2



     (-16

The last thing that comes up in the natural order of things, is powers of i.  The powers of i have an application in the field of electronics (physics) and this is one of the reasons that we study them.  As we’ve already seen we can have i and i2, but we can also have higher powers of i as well.  They all depend on i and i2 and end up revolving around division of the exponent of i by 4.



i  = (-1

(Not too useful, except in relation to i2)


i2  =  -1



i3 =  i2(i=-1(i = -i
(Using our skills of breaking down exponents)


i4 = i2 ( i2 = -1(-1 = 1



i5 = i4(i = 1i


i6 = i4(i2 =1(-1= -1



i7 = i4(i3 = 1(-i = -i


i8 = i4(i4 = 1 ( 1 = 1



etc.

The pattern that is revealed here is that when the exponent is divided by 4, the remainder determines the answer: i(remainder 1), -1(remainder 2), -i(remainder 3), or 1 (remainder 0).


Example:
For each imaginary number decide if the answer is 

i, -1, -i, or 1.



a)
i14

b)
i203

c)
i52
d)
i157
n
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