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§4.1 Solving Linear Equations Graphically & Analytically
Outline

Discuss relationship between linear equations in one variable & systems of equations

Blair spends an entire section discussing the relationship between linear equations in one variable and systems of linear equations in two variables.  We are going to discuss the relationship, relate it through problems that we have already been doing and move on quite quickly (if I even choose to cover this in class at all).

An algebraic equation in one variable is an expression set equal to an expression.  You know that a function is evaluation of an expression at a specific value. Two functions set equal are therefore just the solution to two different linear equations in one variable that have the same solution at one x and thus one output y (think of the check for a linear equation in one variable – each side of the equal sign must be equal for it to be THE solution.  The value on each side is the output and the x that is the solution is the input.)  This creates the link between solutions for linear equations in one variable and systems of linear equations in two variables.

Example:
Given 

8x  (  3  =  3(2x  +  3)  ( x


a)
Fill in the table of values for the left side of the equation (y1) and the right 

side of the equation (y2).

	x
	y1
	y2

	-1
	
	

	0
	
	

	1
	
	

	2
	
	

	3
	
	

	4
	
	

	5
	
	



b)
For which value of x are the y values the same? ______________



This value is the solution for the equation.  Check it out here.  Solve the 

linear equation in one variable using methods from Chapter 2.

c)
Now, graph the two linear equations in two variables y1  =  8x  (  3 &



y2  =  3(2x  +  3)  (  x using three of the ordered pairs from a).


d)
The ordered pair solution of each equation in part b) is the intersection 

point of the two lines which are the visual representation of each linear 

equation in 2 variables, as shown in part c).  This is what we are doing 

when solving systems of 2 equations in 2 unknowns.
Preface to Chapter 4
This chapter deals with pairs/systems of linear equations.  
Recall:  A linear equation in two variables is an equation that describes a  line 
ax  +  by  =  c  
We will be solving systems (sets of equations considered together) of linear equations using 3 methods.  The solution to a system of linear equations is always an ordered pair that solves both (all) equations at the same time.  As with solving any equation, systems can be consistent and dependent (the same line, thus infinite solutions), inconsistent and independent (parallel lines, thus no solution), or consistent and independent (two lines that meet in a single point, thus one solution).  

	Type
	Look When Solved
	Solution

	Consistent & Independent

(Like Conditional)
	x  =  #  &   y = #
	(x, y)

	Inconsistent & Independent

(Like contradiction)
	#1 = #2 A false statement

(no variables present)
	No Solution or  (

	Consistent & Dependent

(Like identity)
	#1 = #1 A true statement

(no variables present)
	Infinite Solutions


We learn 3 methods because no one method is the best; each has its benefits and drawbacks.  Here is a summary of those benefits and drawbacks:

§4.2 Graphing

Pros-  This method is very easy because we already know how to graph.
Cons-  The method is inexact and does not work well when thE solution is off 
  the graph or not an integer ordered pair.  Sometimes the equations are 
  painful to graph.
§4.3 Substitution

 Pros- We know how to substitute a given value into an equation already.
 Cons- When fractions are involved this method can become messy.  Clearing 

  can help, but that’s just an extra step.
§4.3 Elimination Method (Addition Method)
 Pros- Fractions are easier to deal with.
Cons- The method is entirely new, and a little harder to put together.  Sometimes 
 it is hard to determine what to multiply     both equations by in order to 
 make one variable go away

§4.2 Solving Linear Systems by Graphing

Outline

Definitions

   System of Linear Equations
Solution to Linear System

Consistent System

   Inconsistent System

Dependent System

Parallel Lines

     Same Slope

     Different Intercept

Same Line

     Same Slope

     Same Intercept

Solving linear systems by graphing

     Graph each equation

     Find the point that they meet (this is the solution)


This is where drawbacks come in


     May not be point containing 2 whole numbers


     May not be in your picture


    May be hard to graph


Pros


   Quick, Easy & Visual

Advanced Knowledge

   Solve the equation for y (put into slope-intercept form)

      Benefits


Tells immediately if


   Same Line – Dependent – Infinite Solutions


   Parallel Lines – Inconsistent – Null Set

First, let's start out by noting that a system of linear equations is simply a pair (or more) of linear equations in 2 variables that have some relationship.  The relationship is where reality comes in (this is really used in real life, in economics, physics, marketing, etc.).  The solution to a linear system is the point where the two lines meet – the ordered pair that solves both equations at the same time.  Now let's jump into solving systems by graphing.

Steps to Solving using Graphing

Step 1:  Graph each line using methods from chapter three


Method 1:  Find 3 points on the lines and plot, and draw line


Method 2:  Find intercepts and a third point and plot.


Method 3:  Find the y-intercept & slope and plot using the slope. * Method of choice 

        because you’ll want slope intercept form, which will aid in seeing parallel, 

        perpendicular and same lines.

Step 2:  Locate the point where the lines meet, and determine and label its ordered pair.  

  This is the solution.

Example:
y  =  3x  (  4



y  =  x  +  2


Your Turn
Example:
        
y  =  x  +  4




x  +  2y  =  2

Now, let’s visualize the “exception” cases:

Example:
y  +  2x  =  3



4x  =  2  (  2y

Note:  This is an inconsistent, independent system.  It is inconsistent because there is not a solution and independent because the equations each describe different lines.  


Example:
3x  +  y  =  0



2y  =  -6x

Note:  This is a dependent, consistent system.  Since the equations describe the same line they are considered dependent and because there is a solution (infinite solutions) it is considered consistent.

Example:
Here is the graph for the following system.  What is the solution?

6x  (  3y  =  5





x  +  2y  =  0


Note:  Pretty difficult to say isn't it.  It's your best guess.  The solution is actually 
(2/3, -1/3), but you can only say in retrospect, "Oh, sure that’s true!"  This is the reason that graphing is not always the most appropriate method for solving a system of equations! 

§4.3 Solving Systems of Linear Eq. Using Substitution & Elimination
Outline

Substitution

     Solve one equation for a variable

     Substitute into the other equation

     Solve the resulting equation for the remaining variable

     Evaluate an original equation at the value and solve for the opposite variable

     Write answer as an ordered pair

Problem Areas

     Can create very difficult looking equations

     Must substitute into the other equation

     Must be able to correctly solve an equation for one variable

No Solution Problems; Null Set (Inconsistent System)

     Usually appears after the substitution by giving an untrue statement

Infinite Solution Problems (Dependent Equations)

     Usually appears after the substitution by giving a true statement

Steps in Substitution

Step 1:  Solve one equation for either x or y

Step 2:  Evaluate the second equation using the solution in part 1, and solve for the 

  remaining variable. (If you solved for y in part one, then you will be solving for 

  x in this part, and this will give you your x coordinate.)
Step 3:  Plug the solution from part 2 into one of the original equations and solve for the 

  remaining variable. (If you solve for x in part 2, this will yield the y coordinate.)

Step 4:  Write the answer as an ordered pair.

Example:
Solve.

x  +  y  =  20



       

       x   =  3y

Example:
Solve.

3y  =  x  +  6






4x  +  12y  =  0

Example:
Solve.

4x  +  2y  =  5





2x  +  y  =  -4

Note:  The false statement tells us that there is no solution.

Example:
Solve.

1/4x  (  2y  =  1



   


x  (  8y  =  4

Note:  The true statement means that there are infinite solutions.

In the next example, we might want to clear the equations of fractions first and then use our method.

Example:
Solve.

x/3  +  y/6  =  1






x/2  (  y/4  =  0

Your Turn

Example:
Solve.

2x  (  5y  =  1






3x  +  y  =  -7
§4.3  Solving Systems of Linear Equations by Elimination (Addition)
Outline

Elimination Method

     Put into same form

     Multiply one or both equations by a constant


Goal is to make one variable go away by adding the 2 equations

    

 This is Where Problems Come In



     It’s entirely new



     Sometimes it is hard to determine what to multiply both equations by in order to make 

     one variable go away

     Add the 2 equations from the second step


When done only one variable will remain

     Solve for the remaining variable


This is the x(y)-coordinate of the solution

     Substitute into one of the original equations and solve for the remaining variable


This is the y(x)-coordinate of the solution

     Check to see if this is the solution


Substitute solution into both equations and see if it makes a true statement

Steps for Addition (Elimination)
Step 1:  Put the equations in the same form! (y = mx  +  b; ax  +  by  =  c; etc.)
Step 2:  Multiply one or both equations by a constant with the goal of eliminating one of 

  the variables.

Step 3:  Add the two equations in such a way that one variable is eliminated (goes away; 
        is subtracted out) 

Step 4:  Solve the new equation from step 3 for the remaining variable (for instance if 
        you eliminated y in step 3, you will be solving for x).

Step 5:  Put the solution from step 4 into an original equation and solve for the 
  remaining variable (if you solved for x in step 4, then you are solving for y now).

Step 6:  Write the answer as an ordered pair, null set or infinite solutions. 
Step 7:  Check your solution by putting the values for x & y into both equations and 
  making sure that it is a solution for both.

Example:
Solve by elimination.

4x  +  y  =  9








2x  (  y  =  15

Your Turn
Example:
Solve by elimination.

4x  +  y  =  1

2x  +  5y  =  1

Example:
Solve by elimination.

8x  =  -11y  (  16








2x  +  3y  =  -4

Note:  We can’t solve this problem until the equations are in the same form!

Your Turn

Example:
Solve by elimination.

y  =  2x  +  3








5y  (  7x  =  18
Now the special cases!
Example:
Solve by elimination.

2x  +  3y  =  0








4x  +  6y  =  3

Note: One of the steps yields a false statement and this how we know that there is no solution to this problem.

Example:
Solve by elimination.

-x  +    5y   =  -1








3x  (  15y  =   3

Note:  One of the steps yields a true statement, which tells us that this equation has infinite solutions.
Ok, what about fraction?  I said they were easier to deal with right?  Let’s prove it!

Example:
Solve by elimination.

x    +  1/3y  =  5/9







8x  +    3y  =  -16

Note:  The simplest way to deal with this system if you do not like to deal with fractions is to clear each equation of fractions by multiplying by the LCD.  After that is done you follow the normal steps.  Some books and professors/teachers will recommend doing those steps all at once!  I don’t like to muddy the waters.  One thing at a time.
Your Turn


Example:
Solve by elimination.


a)
3x  +  6y  =  9



b)
x  =  5/6y  (  2



4x  (  16  =  -8y



6x  (  5/2y  =  -9/2
§4.3  Systems of Linear Equations and Problem Solving
 This section is about solving word problems with two equations and two unknowns.  Most word problems that we have already worked on can be solved using this method, but up until this time we did not have the skills for solving such problems, although unwittingly we were using the substitution method in our solutions!  At this point, most students find that word problems get much easier because they see the two equations quite simply and can think in terms of two unknowns, rather than one unknown and putting the other unknown in terms of the first (that, by the way, was where we were unwittingly doing substitution!).

The word problems all follow patterns.  They are, money/value problems, mixture problems and interest problems.  All these are linear equations for which there independent values and dependent values.  They will all have products and sums that make them possible.  Tables will help us put them together.  Assign a variable to each unknown quantity and create expressions using the products.  The two equations will come from sums or translations.
An Introduction to Mixture Problems

For a mixture problem we have three columns: the percentage of the solution/mixture, the total amount of the mixture (this is the column that adds to give us our first equation), and the amount of the pure thing (this is the column that we use to get our second equation).    In both mixture and interest problems the rows that are not totals multiply to yield the value in the last column.  In both, you must remember that percentages must be converted to decimals in order to be multiplied.  In both, the last column yields the second equation.

Type 1:  Money/Value Problems
This type of problem is a modified number problem – a mixture problem.  The only catch is that you must multiply the value of the item by the number of that item to get the value that you possess, purchase, etc.  The scenario goes like this:  You are told the total number of things that you have (or are purchasing) and this gives you your first equation, this is different from the last time that we encountered these problems.  Then you are told the total value of the things that you possess (or are purchasing) and this allows you to form a second equation based upon the knowledge that the number that you possess or purchase multiplied by the value of each item when summed will give you the total value.  The value of the items will either be given to you or they will be assumed known from common knowledge.  We define the different things that we possess or are purchasing in terms of two variables.

Example:
Sal’s coin collection of dimes and quarters is worth $15.25.  There are 103 coins in all.  How many of each are there?*
Example:
Kelly sells 62 shares of stock she owns for a total of $433.  If the 
stock was in two different companies, one selling at $6.50 a share and the other at $7.25 a share, how many of each did she sell?

Example:
The zoo charges $3 for adults and half price for seniors and 
children.  One Wednesday, a total of $967.50 was collected from 435 admissions.  How many full-price and how many half-price admissions were there?*

Type 1b:  A Value Problems which links to Chemistry Problems (Grocery Store Problems)

Example:
A certain store has 10 kg of mixed cashews and pecans worth 
$8.40 per kg.  Cashews alone sell for $8 per kg, and pecans sell for $9 per kg.  How many kg of each are in the mixture?*

	Amount of Nuts
	Cost per kg
	Total Cost

	
	
	

	
	
	

	
	
	


Example:
Jess is considering changing her cell contract.  The new contract 

will cost 10¢/minute from 8am to 5pm and 5¢/minute from 5pm to 

8am.  This plan will cost $30 per month and give Jess 500 minutes.  

How many 8am to 5 pm and 5pm to 8am minutes can Jess use?
Type 2:  Chemistry Problems

These problems are an application of percentage problems.  It is an application of the basic setup:
_______%  of  __________  =  __________  Where the percentage is the strength of the solution, the whole is the amount of the solution and the part is the amount of pure “whatever” that is suspended in the solution.  What makes these problems tricky is that we have two applications of this basic percentage problems and then when the two different solutions are mixed together they form a new solution, in  a special way.
Keys to solving are remembering that these are percentage problems and building a table like the following!
	Amount  Solution     *
	Strength  =
	Amount of Pure

	
	
	

	
	
	

	
	
	


Example:
A chemist has one solution that is 80% base and another that is 
30% base.  What is needed is 200 L of a solution that is 62% base.  
The chemist will prepare it by mixing the two solutions on hand.  
How much of each should be used?*

	Percent of Base
	Total Amount of Solution
	Amount of Pure Base

	
	
	

	
	
	

	
	
	


Type 3:  Simple Interest Problems
Keys to solving interest problems are to build a chart as the following and remember that 
P ( R ( T  =  I
Where

P  =  Principle (the money invested or for which interest is accruing upon) 



R =  Percentage Rate of Interest (change to a decimal to work with this)


I  =  Interest (the amount of money earned or paid on the principle at the given rate)
	Principle       (
	Rate          (
	Time         =
	Interest

	
	
	
	

	
	
	
	

	
	
	
	


Example:
A woman invested four times as much at 5% as she did at 6%.  The 
total amount of interest she earns in one year from both accounts is 
$520.  How much did she invest at each rate?

	P
	R
	T
	I

	
	
	
	

	
	
	
	

	
	
	
	


Note:  This is a variation of the typical problem, where the first column will sum.  Instead, we use the information about the relationship between the amounts to form a second equation.  When we have only one variable and one equation we define one variable and then put the other amount in terms of that variable according to the relationship.
Example:
Suppose that you invest a certain amount of money in an account that earns 8% in annual interest.  At the same time, you invest $2,000 more that that in an account that pays 9% in annual interest.  If the total interest in both accounts at the end of the year is $690, how much is invested in each account?

*Problems from Elementary Algebra, 5th edition  by Bittinger&Ellenbogen.

§4.5 Graphing Linear Inequalities (in 2 Variables)
I covered this section where it more typically gets covered – Chapter 3!  I have included it here in the spirit of being thorough. 
Outline
Definitions

   Linear Inequality in 2 Variables

Boundary Line

Check (Test) Point

Linear Inequalities in 2 Variables

     Form – 
ax  +  by  <  c,  a, b & c are #’s where a & b aren’t zero at same time

     Important Vocab


Boundary Line – The line which is found by graphing the inequality as an equality


     If < or >  then it is a dashed line


     If ( or ( then it is a solid line


Check Points – Two points, one located above and one located below the line that allow the 

           solution set to be graphed


     If solved for y and > or( then the check point above will be a solution


     If solved for y and < or( then the check point below will be a solution


Shaded Region  -- The area below or above the boundary line which is shaded to indicate the 

solution set for the linear inequality in 2 variables.


     Found by using check points;  Check point is a true solution then the region where it is located 

     is shaded and indicates the solution set.

A linear inequality in two variables is the same as a linear equation in two variables, but instead of an equal sign there is an inequality symbol ((, (, (, or ().



Ax  +  By  (  C



A, B & C are constants









A & B not both zero









x & y are variables

  It is extremely important not to confuse a linear inequality in two variables with a linear inequality in one variable.  We studied linear inequalities in one variable in section 2.9.  These linear inequalities in one variable are graphed on a number line and only have one variable!  Let's review them briefly, in hopes that we will not forget the difference when we come across them together, in the future.


Recall:  To graph a linear inequality in 1 variable



Step 1:  Solve for the variable as if it were an equality, except 

 
   when multiplying or dividing by a negative, in which 

   case the inequality flips.



Step 2:  Graph on a number line.

a) Use ] (right bracket) for ( or [ (left bracket) for ( endpoints 

b) Use ) (right parentheses) for ( or ( (left parentheses) for ( endpoints 

c) Solid line to the right for  ( or (
d) Solid line to the left for ( or (
e) For ( use a solid line with arrows on both ends

f) For ( use nothing & put a null set by the number line

Example:  Solve, graph and give interval notation

a)
3x  (  2  (  5 



b)
0 (  4x  (  7  (  9

Determining if an ordered pair is the solution set to a linear inequality is just like determining if it is a solution set to linear equality; we must evaluate the inequality at the ordered pair and see if it is a true statement.  If it is a true statement, then the ordered pair  is a solution, and if it is false then it is not a solution.


Example:
Determine if the following ordered pairs are solutions to 







5y  +  2  ( -7x

a)
(0, -1)





b)
(-1,-1)

c)
(-1,1)
Graphing a Linear Inequality in Two Variables
Step 1:     Solve the equation for y (don't forget that the sense of the inequality will reverse if 

     multiplying or dividing by a negative.)
Step 2:
     Graph the line y = ax  +  b

a) If ( or ( then line is solid

b) If  ( or ( the line is dotted  

Step 3:      Select 2 checkpoints (ordered pairs in two regions created by the line)

    a)  One above the line


    b)  One below the line

Step 4:     Evaluate the inequality at the checkpoints and for the checkpoint that creates a 


     true statement, shade that region

Example: 
Graph   y  (  2x  +  4

Example:  
Graph 

2x  +  y  (  -1


Example:  
Graph


3x  (  4y  (  12

Solving Systems of Linear Inequalities

Your book does not cover this topic, but I am going to leave it in the notes any way and if I have time I will cover it as well.
Solving systems of linear inequalities relies solely upon graphing them.  If you are weak on graphing a linear inequality, you should return to that section from chapter 3 notes and review graphing them.
Steps for Solving Systems of Linear Inequalities

1. Graph both linear inequalities on the same graph.  It is helpful to either use different colors for the graphs or to use differing hash marks.

2. The solution to the system is where both hash marks or both colors lie and the lines that create the boundaries.  Dotted boundary lines are still boundaries, but they are not part of the solution.

Example:
Solve (graph the solution).

y  (  2x  +  1








y  (  x  +  2


Example:
Solve (graph the solution).

y  +  2x  (  0








5x  +  3y  (  -2



Example:
Solve (graph the solution).
y  (  ½ x  +  2








y  (  ½ x  (  3


Example:
Solve (graph the solution).
x  >  2







y  +  x  ≥  2
Example:
Solve (graph the solution).
2x  −  y  <  5







y  ≥ -1
Practice Test Ch. 4

1.
Find the solution set to the following system using graphing.





3x  (  y  =  3





4x  +  y  =  4

2.
Find the solution to the system of equations using substitution.




  x  (  1/3 y  =  2




3x  +  y  =  -6

3.
Find the solution to the system of equations using substitution.




               x  =  5




1/3 x  +  2y  =  9

4.
Find the solution to the system using elimination.




2y  =  -3x  +  7




-1/6 y  =  1/4 x  (  7/12
5.
Find the solution  to the system using elimination.




 x  +  2y  =  9




2x  (  y  =  5

6.
The sum of two number is 38 while their difference is 12.  Use a system of 
equations to set the problem up and to solve for the 2 numbers.

7.
The perimeter of a rectangle is 48 inches.  If the difference between the length and 
the width is 6, find the length and width using a system of equations.

8.
If I have $8.95 in dimes and quarters, and I have 46 coins in all, how many of 
each type of coin do I have?  Set up and solve using 2 equations and 2 unknowns.

9.
The Mayo’s checking and savings combined has a balance of $23,544.  The 
checking earns 2.25% annually while the savings earns 3%.  If they made $664.14 
in interest for a year, set up a system of equations to solve for the amount in 
checking and in savings.

10.
How much 20% alcohol solution and 50% alcohol solution must be mixed to get 
12 gallons of 30% alcohol solution?  Use a system of equations to solve.

11.
Two cars are traveling toward one another at constant rates from cities that are 
500 miles apart. One is traveling 15 mph slower than the other.  If they meet in 4 
hours what are their rates of speed?

12.
Solve the system by graphing.

2x  +  4  ≥  y







x  +  y  >  -5


y





x





y





x





y





x





y





x





y





x





y





x





6x  (  3y  =  5





x  +  2y  =  0
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