§5.3 Division of Polynomials & Synthetic Division
Division by a monomial is nothing more than breaking a problem into a sum of fractions.


Recall:

  1    +    2    =    1  +  2  





  3          3               3

Well, in division by a monomial we are working from right to left instead of left to right.  We are using our exponent rules, especially the quotient rule!


Recall:

  xm    =  xm(n



  xn

Example:
  9x2y  (  12x3y2  (  9x3y5z7  
  



                       6xy

Next, we must review long division.  Let’s start with the concept example:


Recall:

2  7 (2  8  5

When we do long division we are really looking to see if the highest place value will go into the number with the same place value (degree).  If it won’t (say it was 25 instead of 28), then we would have to move to the hundreds place – this is really what we are doing in long division of polynomials too, except that we have degree instead of place value to consider.

Let’s review dividing a polynomial by a binomial.  Polynomial long division:

1. Order the polynomial dividend & divisor

2. Divide the 1st term of the dividend by the 1st term of the divisor

3. Multiply step 2 by divisor (don’t forget it is a binomial!)

4. Subtract step 3 from 1st and 2nd terms

5. Bring down 3rd term of dividend

6. Continue the process in steps 2-5 until the remainder is of lower degree than the divisor binomial

7. At the point where division stops write the remainder over the divisor and add it to the quotient


Example:
Divide using long division

a)
  a2  (  a  (  13  





        a  +  3

b) (2x2  (  5x  +  9)  (  (x  (  2)



c)
  a3  (  a  +  5a2  +  1  






a  (  1

Note:  Don’t forget to order the polynomial!
In this class we learn a new way to do polynomial division.  It is just a shortcut to long division with some restrictions.  First we can only divide by a divisor of the 1st degree, and second we must put the divisor in x ( c form so that we do not have to do subtraction.  Let’s practice the x ( c form first.  (Note:  Your book calls it x  (  a)

Example:
Put the following into x  (  c  form:

x  +  2

Now, here are the steps for synthetic division:

1. Order the dividend & divisor

2. Write the divisor in in x  (  c  form

3. Write the numeric coefficients of the dividend and c  like so

c(  a  b  d   e

4. Bring down a

5. Multiply c and a & put under b

6. Add b & ca

7. Continue the process until done

8. Answer is of 1 degree less than the dividend.  Write the answer with variables and remember that the last number is the remainder and must be written that number over the divisor added to the polynomial

Example:
Use synthetic division to divide
(2x2  (  5x  +  9)  (  (x  (  2)

Note:  This should be the same as your answer to b) above.


Example:
Divide using synthetic division

a) (a2  (  a  (  13)  (  (a  +  3)

b) (x2  +  3x  +  2)  (  (x  +  1)

Now for a theorem that links synthetic division to something that we have done before – evaluation!  The true value of this theorem does not become clear until the next class (Pre-Calculus) but know that it does have more value than just a shorter way of evaluating a polynomial – which it can provide!

Remainder Theorem

If P(x) is divided by x ( c then the remainder is P(c)


Example:
Find P(2) if P(x)  =  2x2  (  5x  +  9

What did you get?  Does it agree with the first synthetic division example’s remainder?  It should because the last example was (2x2  (  5x  +  9)  (  (x  (  2).

Remember that when you set a quadratic equal to zero and solve, the thing that you are finding are the x-intercepts.  There may be 1 real solution, 2 real solutions or no real solutions (meaning that a negative appears under the radical in the quadratic formula).

§5.4 and following sections on graphing
The factoring sections are in Chapter 6 of the Lial book as well and you will find nearly all the same topics covered under the appropriate sections.  You may also wish to use that text’s notes.  Here is the URL:  http://hhh.gavilan.edu/ybutterworth/algebra/algebraindex.htm
§5.4 thru 5.6

A Summary of Factoring Strategies

1)  GCF – This removes a monomial from an entire polynomial and 

      sometimes will accomplish factoring by grouping if the GCF is a 

     binomial

Recall the Greatest Common Factor – The largest number that two or more numbers are divisible by
When extending this idea with algebraic terms, the trick is to:


1)  Find the numeric GCF


2)  Pick the variable raised to the smallest power


3)  Multiply number and variable and you get the GCF

Steps in Factoring by GCF

1)  Find the GCF of all terms

2) Rewrite as product of GCF and the sum of the quotients 

of the original terms divided by the GCF


Example:  4t2  +  36

Note to Recall:  Sometimes a greatest common factor can itself be a polynomial.


Example:
(x ( 2y)(z + 3)  (  (2x ( 3)(z + 3)

2)  Factoring by Grouping – This is a great way to factor a polynomial with 4 terms

Steps in Factoring  By Grouping

1)  Group similar terms and factor out a GCF from each grouping


     (keep in mind the aim is to get a polynomial that is the same out of 

     each grouping – look for a GCF)

2)  Factor out the like polynomial and write as a product


Example:  4x2  (  8xy  (  3x  +  6y

3)  Factoring Trinomials  of the Form x2  +  bx  +  c  or  ax2  +  bx  +  c

It is important to point out a pattern that we see in the factors of a trinomial such as this:





(x  +  2)(x  +  1)



=  x2  


+  3x  

+  2
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Product of 1st 's  

Sum of 2nd 's

Product of 2nd 's

Because this pattern exists we will use it to attempt factoring trinomials of this form

Steps to Factoring Trinomials of the Form   x2  +  bx  +  c

1)  Start by looking at the constant term (including its sign).  Think of 

     all it's possible factors

2)  Find two factors that add to give middle term's coefficient

3)  Write as 



(x  +  1st factor)(x  +  2nd factor)

4)  Check by multiplying

Note:  If 2nd term and 3rd term are both positive then factors are both 

positive. 

If 2nd term and 3rd are both negative or 2nd term is positive and 3rd 

term is negative then one factor is negative and one is positive. 

If the 2nd term is negative and 3rd is positive then both factors are 

negative.

Example:  x2  +  x  (  12

First, STOP, is there a GCF!!!

Factoring Trinomials of Form – ax2  +  bx  +  c

Step 1:  Find the factors of a

Step 2:  Find the factors of c

Step 3:  Find all products of factors of a & c (a1x  +  c1)(a2x  +  c2)  where a1x (  c2 

  (outsides) and   c1 ( a2x (insides) are the products that must add to make b!  (This 

   is the hard part!!!)  The other choice is (a1x  +  c2)(a2x  +  c1)  where a1x (  c1 and 

  c2 ( a2x must add to make b.  And then of course there is the complication of the 

  sign.  Pay attention to the sign of b & c still to get your cues and then change 

  your signs accordingly.  (But you have to do this for every set of factors.  You can narrow down your possibilities by  thinking about your middle number and the products of the factors of a & c.  If “b” is small, then  the sum of the products must be small or the difference must be small and therefore the products will be close together.  If “b” is large then the products that sum will be large, etc.)

Step 4:  Rewrite as a product.

Step 5:  Check by multiplying.  (Especially important!)


Example:  3x2  +  10xy  (  8y2

4)  Factoring a Perfect Square Trinomial – If the 1st and last term are perfect squares and the middle term is twice the product of the 1st and last terms then it is a perfect square trinomial

Factoring a Perfect Square Trinomial

1)  The numeric coefficient of the 1st term is a perfect square



i.e. 1,4,9,16,25,36,49,64,81,100,121,169,225, etc.


2)  The last term (or numeric coefficient of last term & variable portion)is a perfect square


3)  The numeric coefficient of the 2nd term is twice the product of the 

      1st and last terms' coefficients' roots


4)  Rewrite as:





((1st term  +  (last term )2
Note:  If the middle term is negative then it's the difference of roots and if it is positive then it is the sum.

Example:  16a2  (  56ab  +  49b2

5)  Factoring Trinomial by Grouping –  If  you can't factor a trinomial easily, this is a method that will allow you to find the factors more easily.

Factoring a Trinomial by Grouping

1)  Find the product of the 1st and last numeric coefficients


2)  Factor the product in one so that the sum of the factors is the 2nd 

     coefficient

3)  Rewrite the trinomial as a four termed polynomial where the 2nd 

     term is now 2 terms that are the factors in step 2

4)  Factor by grouping 

5)  Rewrite as a product


Example:  42a2  (  43a  +  6

6)  Factoring a Binomial –  If the binomial is:  

1) The sum of 2 perfect squares it is prime

2)  The difference of 2 perfect squares check
 (a  +  b)(a  (  b)

3)  The sum of 2 perfect cubes

       (a + b)(a2 ( ab + b2) 

        where a =  (1st term & b =  (2nd term
4) The difference of 2 perfect cubes

       (a ( b)(a2 + ab + b2)

        where a =  (1st term & b =  (2nd term
Example:  4a2  +  b2

Example:  (x  (  y)2  (  z2

Example:  x3y3  +  8z3

Example:  125  (  8y3
A quadratic equation is any polynomial which is a 2nd degree polynomial and is set equal to zero.  A quadratic is said to have the form:



ax2  +  bx  +  c  =  0

where a, b, c are real numbers and a  (  0.

A quadratic equation can be written other than in the above form, which is called standard form, but it can always be put into standard form.  Let's practice.

Example: 
 Put  the following into standard form.


a)
x2  (  2x  =  5

Hint:  The trick is to get zero on the right side.
b)
2x  +  5  =  x2  (  2

Put all terms on the left and leave zero on the right.

Your Turn
Example:
15  (  2x  =  x2  (  5x  +  3

Our next task is solving a quadratic equation.  Just as with an algebraic equation such as x  +  5  =  0,  we will be able to say that x  =  something.  This time however, x will not have just one solution only, it will have up to two solutions!!  In order to solve quadratics we must factor them!  This is why we learned to factor!

Steps to Solving Quadratic Equations
1)  Put the equation in standard form

2)  Factor the polynomial

3)  Set each term that contains a variable equal to zero and solve for the 

     variable

4)  Write the solution as:  variable =    or  variable =
5)  Check

Example:
Solve the following:

a)
x2  (  4x  =  0

b)
x2  (  6x  =  16

c)
x2  =  4x  +  3

Sometimes it is necessary to multiply a factor out in order to arrive at the problem in standard form.  You will realize that this is necessary when you see an equation that has one side that is factored but those factors are equal to some number or when there are sums of squared binomials or squared binomials that equal numbers.

d)
(2x  (  5)(x  +  2)  =  9x  +  2

e)
a2  +   (a  +  1)2  =   -a

f)
y(2y  (  10)  =  12

There is also the case where we have a greatest common factor or which can be solved by factoring by grouping.  These all use the same principles.

Example:
Solve each of the following by applying the zero factor property 

to give the solution(s).

a)
3x3  +  5x2  (  2x  =  0


b)
4y3  =  4y2  +  3y

c)
(2x  +  1)(6x2  (  5x  (  4)  =  0


d)
125x2  =  245

X-Intercepts of a Parabola 

We already know that      y  =  ax2  +  bx  +  c  
can be graphed and that the graph of a quadratic equation in two variables is a parabola.  We have also discussed that this equation will be increasing or decreasing according to the sign of a.  We know that it has a vertex and is symmetric [vertex is at (-b/2a, f(-b/2a))] about the line of symmetry which goes through this vertex [and is therefore the line x = -b/2a].  What we have not discussed is that just as with linear equations, parabolas also have intercepts.  Recall that an x-intercept is a place where the graph crosses the x-axis.  Lines only do this at one point, but because of the nature of a parabola, it is possible for this to happen twice (vertex is below x-axis), once [vertex is at (0,0)] or even never (vertex is above the x-axis).  Just as with lines, the x-intercept is found by letting y = 0 and solving for x.  This gives us our relationship to quadratic equations.

Finding X-Intercept(s) of a Parabola
Step 1:  Let y = 0, if no y is apparent, set the quadratic equal to zero

Step 2:  Use skills for solving a quadratic to find x-intercept(s)

Step 3:  Write them as ordered pairs

Example:
Find the x-intercept(s) for the following parabolas

a)
y  =  (2x  +  1)(x  (  1)

b)
y  =  x2  +  2x  +  1



c)
y  =  x2  (  4

Pythagorean Theorem

The Pythagorean Theorem deals with the length of the sides of a right triangle.  The two sides that form the right angle are called the legs and are referred to as a and b.  The side opposite the right angle is called the hypotenuse and is referred to as c.  The Pythagorean Theorem gives us the capability of finding the length of one of the sides when the other two lengths are known.  Solving the Pythagorean theorem for the missing side can do this.  One of the legs of a right triangle can be found if you know the equation:


Pythagorean Theorem


a2  +  b2  =  c2  

Solving the Pythagorean Theorem
Step 1:  Substitute the values for the known sides into the equation


  Note: a is a leg, b is a leg and c is the hypotenuse

Step 2:  Square the values for the sides

Step 3:  Solve using methods for solving quadratics or using principles of square roots 
Example:
One leg of a right triangle is 7 ft. shorter than the other.  The 

length of the hypotenuse is 13 ft.  Find the lengths of the legs.

Example:
Two cyclists, Tim and Joe, start at the same point.  Tim rides 

west and Joe rides north.  At some time they are 13 miles apart.  If Tim traveled 7 miles farther than Joe, how far did each travel?

Geometry Problems
Geometry problems are problems that deal with dimensions, so always remember that negative answers are not valid.  As with number problems (as encountered in Algebra) it is possible to get more than one set of answers.  Geometry problems that we will encounter will deal with the area of figures and the Pythagorean Theorem. We've just discussed the Pythagorean Theorem.


Example:
Find the dimensions of a rectangle whose length is twice 

its width plus 8.  Its area is 10 square inches.

Projectile Problems
Projectiles follow a parabolic course.  Therefore anything that is thrown or launched can be expected to have a quadratic equation to describe its course.  As a result, when the object reaches a height that is the same as the height from which it is launched the value of the function will be the same as if the function were equal to zero (think about the symmetry of a parabola).  It is also known that at the time that an object reaches its highest point it has reached its vertex.

Example:
A softball thrown into the air travels in a parabola.  Its height is a function 

of the time from which it was thrown and is described by  

h(t) = -x2  +  13x  (  42.  Find the time it takes for the ball to reach the 

same height from which it was thrown.  Hint:  That height is the same as 

the height at h(t) = 0.
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