§7.1 Adding & Subtracting Polynomial Expressions & Functions
Objectives
· Meaning of term, monomial, polynomial, degree, coefficient, like terms, polynomial function, quadratic function, parabola, vertex & cubic function

· Add & Subtract polynomials

· Evaluate polynomial functions

· Recognize typical graphs of quadratic functions & cubic functions

· Find sum functions & difference functions

· Use sum functions & difference to describe real life situations

Term – Number, variable, product of a number and a variable or a variable raised to  a power.


Example 1:
a)   5

b)
5x
     c)
    xy

d)
x2
Like Terms – Terms that have a variable, or combination of variables, that are raised to the exact same power.


Example 2:  Are the following like terms?  Why or why not?




a)  7x

10x2




b)  - 15z
23z




c)  t

15t3




d)  5

5w




e)  xy

6xy

f)  x2y

- 2x2y2

Everything we need to discuss is based upon the definition of a term. The first definition after the term, is the definition of a monomial. A monomial contains a single term. A polynomial the sum of two or more terms of the form axn. For our second method of adding polynomials we will also need to know the definition of the degree of a term and the degree of a polynomial. The degree of a term is the sum of the powers of the variables. A constant’s degree is zero. The degree of a polynomial is the degree of the highest degreed term within the polynomial.

Example 3:
The following are examples of polynomials?


a)
a2  +  3a  +  5

b)
3b  + 4b3  (  2b2  (  6

c)
10x2

d)
(y + 3)2  –  5
Example 4:
What is the degree of the term?

a)
a2

b)
4b3

c)
x2y2z

d)
1

Example 5:
What is the degree of the polynomial?


a)
a2  +  3a  +  5



b)
3a  + 4 a3  (  2a2  (  6


Example 6:
We sometimes discuss the degree of an algebraic expression too, 




find the degree of the algebraic expression.




ab2  +  3a2b3  +  2a2  (  4

The degrees of terms will help us to order a polynomial. This means putting a polynomial so that it’s terms are in order of descending (degrees going from highest to lowest powers) order. When a polynomial is ordered the 1st term is called the leading term and the numeric coefficient of this term is called the leading coefficient.


Example 7:
Order the polynomial and name the leading coefficient.






3a  + 4 a3  (  2a2  (  6
A polynomial function is simply a function that produces values based upon a polynomial expression.


Example 8:
f(x) = 4x3  –  2x2  +  3x  –  6

is a polynomial function
Quadratic (2nd Degree) Functions
  Form a type of graph called a parabola
  Form of equation we'll be dealing with in this chapter:
y = ax2 + c or f(x) = ax2 + c
· Sign of “a” determines opens up or down


 
 "+" opens up



  "(" opens down

· The vertex (where the graph changes direction; the max/min of the graph) is at   (0, c)  

[at least for now; if [(x-b)2 then it’s not true, nor for ax2 + bx + c]

· Symmetric around a vertical line called a line of symmetry
  
Goes through the vertex’s “x” coordinate


Example:
Graph 
y = -x2 + 2
by thinking about the vertex, direction of 
opening and finding 4 points in pairs that are equidistant from the line of symmetry.
 Cubic Functions

Form a lazy "S" shaped graph


Type we'll deal with are:
y = ax3 + d  and  y = a(x – c)3  +  d

Sign of "a" determines curves up and to right or down and to right


  "+" curves up and to right


  "(" curves down and to right


Point of Inflection is where the graph starts to have opposite slope




(0, d) in

y = ax3 + d




(c, d) in

y = a(x – c)3 + d

Choose opposites on either side of the inflection point to graph


  Still has symmetry allowing for easy graphing

Example:
Graph y = x3  &   y = x3 ( 1
on this graph, by making a t-table 



of points and while thinking about the “inflection point”, and 2 positive 



x’s and their opposites.  Use the same points for each graph.  After we will 



discuss the shape, the translations and how those translations effected the 



points that we graphed.


Now, we need to return to the main topic of the section – adding and subtracting functions/polynomials. Remember that a polynomial is nothing more than an algebraic expression in only one variable. Adding polynomials is the same thing as simplifying an algebraic expression – it is nothing more than combining like terms.
Method 1:  Adding Polynomials (Horizontal – Combining Like Term)
Step 1:  Remove grouping symbols (This is really distribute the subtraction!!)

Step 2:  Group Like Terms

Step 3:  Combine Like Terms

Example:
Add/Subtract the following polynomials/algebraic expressions.

a)
(8x2  +  2x  +  5)  +  (x2  +  5x  +  3)

b)
 [(8xy2  +  2x)  +  (-7xy  +  3)]  +  (xy2  +  3x)

c)
 (7xy2  (  2x  +  3)  (  (5x2y  (  4x  (  9)

There is another way to think about adding and subtracting polynomials. This is columnar addition and subtraction.  We must really focus on ordering the polynomial to do this.
Method 2:  Adding Polynomials in Columns

Step 1:  Order polynomials being added or subtracted (leave blanks for missing degrees)
Step 2:  Remove subtraction

Step 3:  Stack in columns (like terms over one another, leave blanks where there are no like terms)

Step 4:  Add

Example:
Add/Subtract the following polynomials/algebraic expressions

a)
(7x  (  2x2  +  3)  (  (5  +  x2  (  2x)

b)
 (9x2  (  9)   +  (x2  +  x  +  7)

c)
 (x2  (  9) ( (x2  +  2 x  (  3)
Next we need to review is evaluation of an algebraic expression.
Finding the Value of a Polynomial Function(Evaluating an Algebraic Expression)
Step 1:  Leave blanks for variables 

Step 2:  Fill the blanks with the value of the variable within the parentheses
Step 3:  Simplify the resulting numeric expression

Example:
Find f( -1) 
for
f(x) = x2  (  3x  +  3

Example:
Find g(4) 
for
g(x) = (x2  (  5)2 
Next we can extend our function notation to include adding and subtracting polynomials. Many books call this the algebra of functions. This means that we can use function notation to add and subtract polynomials and to evaluate the sum and difference of polynomials.


f(x)  +  g(x)  =  (f + g)(x)

and

f(x)  –  g(x)  =  (f – g)(x)

This means that you can evaluate two functions and then add them or add the functions and then evaluate them. The same is true for subtraction, except for the fact that we need to make sure that we subtract in the correct order since subtraction is not commutative.


Example:
For f(x) = 3x2  +  4x  –  2
&
g(x) =  2x2  –  2x  +  5



a)
Find the literal interpretation of 
f(0) + g(0)



b)
Find the literal interpretation of 
(f + g)(0)

*Note: You have just seen that it does not matter if you evaluate each function first and then add or if you add the functions first and then evaluate the sum – the result is the same.

Example:
Use what you’ve just learned to find the value of  (f + g)(1)

	x
	0
	1
	2
	3

	f(x)
	2
	4
	6
	8

	g(x)
	3
	5
	7
	9


§7.4 Properties of Exponents
Objectives
· Know properties of exponents

· Recognize whether a power expression is simplified

· Using properties of exponents to simplify power expressions

· Know the meaning of the exponent zero

Definition of an exponent


ar  =  a • a • a ••• a
r factors of “a”

Example 1:
Expand and simplify


a)
34

b)
(1/4)2

c)
(0.05)3
      d)
     (-3)2

Difference between (-a)r  and  –ar

(-a)r =  -a • -a • -a ••• -a

if “r” is even then positive 







& if “r” is odd then negative

–ar  = – (a • a • a ••• a)

always negative
Note: The 1st says use –a as the base, the second says the opposite of the answer of ar.  The reason that this is true is because the exponent only applies to the number to which is written to the right of and –a is –1 ( a and therefore the –1 isn't being raised to the "r" power.

Example 2:
Name the base, exponent, rewrite using repeated 

multiplication, and simplify to a single number.

a)
(-5)2





b)
-52

Example 3:
Simplify


a)
(-3)2


b)
-32

c)
- 0.252
Definition of zero exponent if a ( 0


a0  =  1
Anything to the zero power is 1.  Be careful because we still have to be certain what the base is before we rush into the answer!


Example 4:
Simplify each by removing the negative exponent.


a)
2 0


b)
(1/2) 0


c)
-20

d)
-10  (  10

e)
(-1)0  (  10

f)
(x + y)0
Product Rule for Exponents:  Copy base & add exponents when multiplying like bases

ar as   =
  ar + s
Example 5: 
Use Product Rule of Exponents to simplify each of the 

following.  Write the answer in exponential form.

a)
x2 x3  


b) 
(-7a2 b)(5ab)

c)
32 ( 37  
d)
y2 ( y3 ( y7 ( y8
The Quotient Rule of Exponents: Copy base & subtract numerator and denominator 





          exponents when dividing like bases

ar  =    ar – s

as

Example 6:
Simplify each.  Don't leave any negative exponents.


a)
  a 12  


b)
   2b5   


c)
  x 8  

  a7



      b3



  x 2

d)
   2b   
 

e)
  (a + b) 15  

f)
   2a3b2   

   16 b3



  (a + b)7
     

   4ab3
Lehmann covers this topic in section 7.4, but I’m not going to wait to cover negative exponents.

Definition of a negative exponent (Shorthand for take the reciprocal of the base)

a-r  =  1/ar
Anytime you have a negative exponent you are just seeing short hand for take the reciprocal.  When a negative exponent is used the negative portion reciprocates the base and the numeric portion tells you how many times to use the base as a factor.  A negative exponent has nothing to do with the sign of the answer.

Example:
Simplify each by removing the negative exponent.


a)
2 –1





b)
(1/2) –1
When a negative exponent has a numeric portion that isn't one, start by taking the reciprocal of the base and then doing the exponent (using it as a base the number of times indicated by the exponent).


Example:
Simplify each by removing the negative exponent.


a)
2 –2





b)
(1/2) –3
Don't let negative exponents in these bother you.  Copy the like bases, subtract (numerator minus denominator exponents) the exponents and then deal with any negative exponents.  If you end up with a negative exponent it just says that the base isn't where it belongs – if it's a whole number take the reciprocal and if it is in the denominator of a fraction taking the reciprocal moves it to the numerator.  Let's just practice that for a moment.


Example:
Simplify each by removing the negative exponent.


a)
a –2





b)
   1   
 
   b–3
Now, let's practice the quotient rule.


Example:
Simplify each.  Don't leave any negative exponents.


a)
  a 8  


b)
   2   


c)
  x -8  

 a10



   b–3



  x -2

d)
   2 b–3 
 

e)
  (a + b) 5  

f)
   2a3b-2   

     4



   (a + b)-7
     

    ab–3
Power Rule of Exponents

(ar)s   = ar • ar • •• ar
ar used as a factor “s” times meaning r is added “s” times 




and repeated addition is multiplication so this means “s • r”
or

(ab)s  =  as • bs
or


(a/b)r  =    ar  




   br



Example: 
Use Power Rule of Exponents to simplify each of the 
following. Write the answer in exponential form.

a)
(a3)2  


b)
(10xy4)2 

c)
(-75)2
Note: A negatvie number to an even power is positive and a negative number to an odd power is negative.

d)
(-3a/5b)3

Now that we have discussed all the rules for exponents, all we have left is to put them together. Let's practice with some examples that use the power rule, the product rule and also the quotient rule. Use the power rule 1st, then the product rule and finally the quotient rule. Deal with the negative exponents last.

Example:
Use the properties of exponents and definitions to 

simplify each of the following.  Write in exponential 

form.
a)
(x2 y)2 (xy2)4 

b)
(-8)3 (-8)5

c)
(3/2)3 ( 34


d)
  9x2y5  

e)
  (2xy2)3  

f)
  -5x2y3  


 15xy8



   4x2y



    4x-1


g)
  9x2y5  

h)
-5x2y3



 15xy8



  4x-1
Your Turn

Example:
Simplify each.  Don't leave any negative exponents.


a)
  (ab) 8  

b)
   (-2xy)3   
 
c)
  x -8  
    a10   



     3x –3 y


  x -2
d)
   (5xy2)2 (4x -1y -3) -3   
 
e)
x –3 (  x –5  (  x7
     5x –3 (2 x3 y -5) -2

f)
   2a3b-2   
 
     ab–3
§7.2 Multiplying Polynomial Expression & Functions
Objectives

· Know the meaning of binomial & trinomial

· Multiply polynomials

· Find the product of functions

· Use product of functions in real world problems

A polynomial, recall is the sum of multiple terms. A monomial is a single termed polynomial. A binomial is a polynomial with 2 terms. A trinomial is a 3 termed polynomial. Beyond 3 terms we simply call them polynomials.


Example 1:
Name the following as a monomial, binomial, trinomial or simply 




a polynomial.


a)
2x + 3x2

b)
2x3

c)
5  +  3x4  –  5x



d)
2 – 2x2  +  3x3  –  x

Monomial x Monomial
  Associate the coefficients & multiply them
  Associate the like variables & add the exponents of like bases


Example 2:
Find each product.


a)
(5a2)(-6ab2)




b)
(-r2s2)(3ars)

Multiplying polynomials is an application of the distributive property. This is also called expanding.


Review
a ( b  +  c )  =  ab  +  ac

Monomial x Polynomial
  Distribute the monomial through the polynomial
  Apply the same skills as in multiplying monomial x monomial 

Example 3:
Expand
a)
2x (x2  +  2x  +  3)


b)
-4x2 y(x2y  (  2xy  +  3y)

Binomial x Binomial
Now we'll extend the distributive property further and to help us remember how we will have an acronym called the  FOIL  method.



( a  +  b ) ( d  +  c )


F
=
First

O
=
Outside


I
=
Inside


L
=
Last

Example 4:
Multiply. Think about only sum & product of the constants to get 

the middle & last terms of your polynomial.

a)
 (x  +  2) (x  +  3)


b)
(x  −  5)(x  +  9)

c)
(x  −  4)(x  −  3)


d)
(x  +  7)(x  −  9)
Note:  A binomial of the form (x + c) multiplied by a binomial of the same form will always yield a trinomial.  The first terms yield the highest degree term(of degree 2), the inside and outside add to give the middle term and the last will yield the constant.

Example 5:  
Multiply. Remember that it is the outside & inside products that 

will add & the last & first terms multiply to give first and last terms of the trinomial.

a)
(x  (  5) (2x  + 3)


b)
(3x  +  4)(x  +  5)

c)
(2x  −  5)(x  −  4)


d)
(2x  −  5)(x  +  3)

e)
(2x  +  3)(5x  +  4)


f)
(2x  −  4)(3x  +  5)

g)
(2x  +  4)(3x  −  5)


h)
(3x  +  5) (4x  +  1)

Example 6:
Multiply.

(x2  +  y) (x  (  y)
Note:  This didn’t yield a trinomial because the binomials are not of the same form.

Example 7:
Multiply.



a)
(5x  +  1)(3x  +  1)


b)
(4x  −  1)(3x  −  1)

c)
(5x  −  1)(6x  +  1)


d)
(8x  +  1)(9x  −  1)

Note:  These are just like multiplying when the numeric coefficient of the x is one.  The only differences are that the leading coefficient is the product, not the constants, and you must watch the sign on the middle term a little more carefully.  Product of x coefficients gives leading coefficient & sum/difference of the x’s coefficients gives the middle term (just watch if positive or neg. since that comes from outside & inside products).


Example 8:
Find the product.


a)
5x(x  +  2)(x  (  4)


b)
-3r(5r  +  1)(r  +  3)

Note:  The 1st example is possibly more easily done by doing the product of the binomials 1st and then multiplying by the monomial.  Always remember that multiplication is commutative and associative so you can choose which product you find 1st.

Polynomial x Polynomial
Multiplying two polynomials is an extension of the distributive property.  The first term of the first polynomial gets multiplied by each term of the second, and then the next term of the first gets multiplied by each term of the second and so on and the end result is the sum of all the products.

Of course there is a second way to do the distributive property that takes care of keeping all the degrees of variables in order, and that looks like long multiplication.  All polynomials must be ordered for this method to be successful.  I will do each of the examples below using both methods.


Example 9:
Multiply using long multiplication.
a)
(2x  +  3) (x2  +  4x  +  5)

b)      (x2  +  2x  (  7) (x2  (  2x  +  1)

The following example involving fractions may very well best be done using the method of long multiplication.


Example 10:
Find the product.





(2x2  +  4x  (  8)(1/2 x  +  3)

In this last example we have to simplify by multiplying the first two polynomials out and then multiplying that result by the third polynomial.  We’ll only do this example one way, but I will use one method on the first 2 and then the other method on the result times the last.  It is interesting to point out that sometimes it is useful to use the commutative property to rearrange the order thus deciding the two you will multiply first, as some binomial products are much simpler than others!  We will learn about these cases in the next section.  

Example 11:
(x  +  1)(x  (  2)(2x  +  3)

We can also extend our knowledge of functions to multiplications. We need to see that the algebra of functions also extends to multiplication.



f(x) • g(x)  =  (f • g)(x)
&

f(x)/g(x)  =  (f/g)(x)

*Note: Division is not commutative so order matters.


Example 12:
For f(x) = 2x2 + 3x  – 5
&
g(x) = 2x



a)
Find
f(2) • g(2)
by evaluating it quite literally


b)
Find
(f • g)(2)
by evaluating it quite literally

Note: Again you see that whether you evaluate and then multiply or multiply the polynomials and then evaluate the product is the same.

§7.3 Powers of Polynomials; Product of Binomial Conjugates

Objectives
· Raising a product to a power (I covered already)

· The power of a monomial (I covered already)

· Simplify the square of a polynomial

· Evaluate quadratic functions & write in standard form

· Product of binomial conjugates

Square of a Binomial


(a  +  b)2  =  a2  + 2ab  +  b2



1st # Squared

+     2(Product

+    2nd # Squared


(a  (  b)2  =  a2  –  2ab  +  b2



1st # Squared

(     2(Product

+    2nd # Squared

Note:  This is really the same as (a  +  b)2  when b is negative since a negative multiplied by a positive yields a negative and a negative squared yields a positive that takes account for the difference in the sign of the middle term and the reason that the last term is positive!

Multiplying the sum and difference of 2 terms (Multiplying Conjugates)

(a  +  b) (a  (  b)  =  a2  –  b2




1st Term Squared

(
2nd Term Squared

These are very important for the next chapter so take notice of the polynomials and their expansions.

Example 1: 
Expand each of the following using the shortcuts

a)
(2x  (  4) (2x  +  4)  
b)
(-2a  +  b)2 

c)
(7a  (  2)2  

d)
(a  +  2)(a  ( 2)
e)
x(x2  +  1)2

f)
(a  +  ½b)2
  

g)
(2x  +  3)2

h)
(3a  +  ¼)(3a  (  ¼)
i)
(r2  +  ½ s)2
If you need find a higher power of a binomial than just the square, the first step is to use the short cut on the first pair and then use the multiplication of a polynomial and a binomial that we learned in the last section.  If there are several pairs do the pair-wise products 1st to take advantage of the shortcut of squaring a binomial and then multiply the resulting polynomials.  This is an application of the associative property of multiplication.


Example 2:
Find the product.

a)
(y  +  5)3




b)
(5  (  c)4

c)
(x  +  2)2(x  −  1)
Your Turn
1.
Use the appropriate shortcut to expand each of the following.

a)
(a  +  r)2

b)
(-2x  (  7)2

c)
(x  +  y)(x  (  y)

d)
(2  (  y2)(2  +  y2)




e)
(c  +  1/3)(c  (  1/3)

2.
Find the product of the following.

a)
(1  (  2g)3





b)
(a  +  3)4

This leads us to evaluation of a polynomial expression at a polynomial and then simplifying a polynomial to standard form.

Example:
For
f(x) = 2x2  –  x  +  2
find
f(a  +  1)
x
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}These add & are like terms if the binomials are alike.








