§2.1 Operations & Expressions
Objectives
· Definitions of expression and evaluate an expression

· Translation of English into math expression

· Evaluation

· Knowing 2 roles of a variable

An algebraic expression is a collection of numbers, variables, operators and grouping symbols. Operators are addition, subtraction, multiplication (exponents are multiplication so they can be considered operators too) and division. Grouping symbols are such things as parentheses (brackets and braces too), absolute value symbols, radical symbols, and fraction bars (they group the numerator and denominator).
I’d like to take a moment to remind you of the different ways in which multiplication and division can be written:

Multiplication can be written in the following equivalent ways:

3 x 2

3 ( 2

3(2

(3)(2)

3(2)

(3)2

In each of these the 3 and the 2 are called factors and the answer is called the product. You need to know this vocabulary.
Also note:
When a variable is written next to a number it means multiply.    Ex.  3x
Division can be written in the following equivalent ways:

 x  (  6  

 
x/6 

 

 6(x 


   x 



 









   6

In each case the x is called the dividend, the 6 is called the divisor and the answer is called the quotient. You need to know this vocabulary.
With algebraic expressions we will learn to evaluate and translate or represent real world situations through the use of algebraic expressions. I will have a little different approach than your book. 

First we will learn to evaluate. This means to find the numeric value of an expression given a value(s) for the variable(s). An algebraic expression does not have a solution, so try not to use the word solution in association with an expression. Instead use the word value.
Steps for Evaluating an Algebraic Expression
Step 1:

Place parentheses wherever you see a variable.  Be careful to place 



exponents just to the right of the parentheses for any variable that is raised 



to a power.

Step 2:

Carefully place the value of each variable in the appropriate parentheses.

Step 3:

Evaluate the resulting mathematical expression using order of operations.


Example 1:
Evaluate
when x = 4



a)
5  –  x


b)
3x

c)
x  ÷  2

Example 2:
Evaluate  5x  (  z   given x = 2 and z = 3

Your book discusses expressions to describe authentic quantities, but I am not discussing authentic quantities in a different manner than simple translation of English to algebraic expressions. I will use different scenarios such as real world examples, tables and simple translation problems to explain how to translate.

First, let’s go over all the translations of English words to mathematical operators.

Words and Phrasing for Translation Problems, by Operation
Note:  Let any unknown be the variable x.
Addition
	Word
	Phrasing
	Algebraic Expression

	sum
	The sum of a number and 2
	x  +  2

	more than
	5 more than some number
	x  +  5

	added to
	Some number added to 10
	10  +  x

	greater than
	7 greater than some number
	x  +  7

	increased by
	Some number increased by 20
	x  +  20

	years older than
	15 years older than John
	x  +  15


Note:  Because addition is commutative, each expression can be written equivalently in reverse, i.e.  x  +  2  =  2  +  x

Subtraction
	Word
	Phrasing
	Algebraic Expression

	difference of
	The difference of some number and 2

The difference of 2 and some number
	x  (  2

2  (  x

	years younger than
	Sam's age if he is 3 years younger than John
	x  (  3

	diminished by
	15 diminished by some number

Some number diminished by 15
	15  (  x

x  (  15

	less than
	17  less than some number

Some number less than 17
	x  (  17

17  (  x

	decreased by
	Some number decreased by 15

15  decreased by  some number
	x  (  15

15  (  x

	subtract from
	Subtract some number from 51

Subtract 51 from some number
	51  (  x

x  (  51


Note:  Because subtraction is not commutative,   x  (  2  (  2  (  x

Multiplication
	Word
	Phrasing
	Algebraic Expression

	product
	The product of 6 and some number
	6x

	times
	24 times some number
	24x

	twice
	Twice some number

Twice 24
	2x

2(24)

	multiplied by
	8 multiplied by some number
	8x

	at
	Some number of items at $5 a piece
	$5x

	"fractional part" of
	A quarter of some number
	¼ x  or   x/4 .

	"Amount" of "$" or "("
	Amount of money in some number of dimes (nickels, quarters, pennies, etc.)
	0.1x (dollars) or 10x (cents)

	percent of
	3 percent of some number
	0.03x


Note:  Because multiplication is commutative all of the above algebraic expressions can be written equivalently in reverse, i.e. 6x  =  x6.  It is standard practice to write the numeric coefficient and then the variable, however.

Division
	Word
	Phrasing
	Algebraic Expression

	quotient
	The quotient of 6 and some number

The quotient of some number and 6
	6  (  x

x  (  6

	divided by
	Some number divided by 20

20 divided by some number
	x  (  20

20  (  x

	ratio of
	The ratio of some number to 8

The ratio of 8 to some number
	x  (  8

8  (  x


Note:  Division can also be written in the following equivalent ways, i.e. x  (  6  =  x/6  =  6(x  =    x 
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When we translate an English phrase into a algebraic expression it is important to let your reader know what the value of any unknown quantity is representing. I call this defining your variable. Once we learn to translate simple English phrases to algebraic sentences then we can proceed to real world scenarios where we may have to infer the operators from our prior knowledge or subtle clues. Finally, I will make the link from a real world scenario to a table of values.

Example 3:
Translate each of the following into an algebraic expression.



a)
The quotient of 15 and a number.



b)
The product of 708 and a number.



c)
The difference of a number and 15.



d)
Seven more than a number.



*e)
Fifteen subtracted from a number.


Example 4:
Write the following algebraic expression as an English phrase.







19 + x

If we can make general translations, the next logical step is to make translations for real world scenarios. In real world scenarios we may need to use our prior knowledge to make an inference (an assumption based on prior knowledge or experience) about the operators involved.


Example 5:
John makes $9 per hour. How much pay does John earn if he 




works



a)
3 hours


b)
7 hours

Note: This problem can be done in two ways. The first is to make the calculation that we know is appropriate by writing a mathematical expression(just involves numbers) for each situation. The second is to bridge the gap between our basic math skills and our algebraic skills, writing an algebraic expression to describe the amount of money that John makes given varying numbers of hours worked.


Example 6:
Write an algebraic expression to describe John’s pay in example 5 




for varying numbers of hours worked.

Now, taking it one step further, let’s create a table of values to describe John’s pay for varying hours worked.


Example 7:
In example 6 we found an expression for John’s pay in terms of 




h hours worked. Create a table that includes the arithmetic 




operations to show John’s pay.

	Number of hours worked
	John’s Pay

	1
	

	3
	

	7
	


§2.2 Operations with Fractions
Objectives
· Meaning of a fractions

· Division by zero

· Multiplying & Dividing a number by 1

· Dividing a number by itself

· Prime Factorization of a number

· Simplifying fractions

First, we need to review/learn some vocabulary for fractions. Recall that 






 2   ( Numerator





 3   ( Denominator
*Note:  A fraction can also represent a division problem.

Example:  What is the numerator of  5/8  ?


Example:  What is the denominator of   19/97  ?

Fractions represent a part of something. The numerator represents how many pieces of the whole are under discussion. The denominator tells us how many pieces that the whole has been divided into. When the numerator is less than the denominator we call the fraction proper and it represents less than one whole. An improper fraction represents a whole or more. This is when the numerator is greater than or equal to the denominator.

Example 1:    For the pictures drawn on the board:




a)
Represent the shaded area as a fraction




b)
Represent the unshaded area as a fraction

We like to represent fractions in what we refer to as lowest terms, which means that the numerator and denominator have no factors in common except the number one. There are two technical ways of putting a fraction into lowest terms. The first way uses greatest common factors and the other uses prime numbers. 

The greatest common factor method goes as follows:


Step 1:  Find the GCF of numerator and denominator

a) List all factors of numerator and denominator

b) Find the largest (greatest) that both have in common


Step 2:  Factor the numerator and denominator using GCF


Step 3:  Cancel the GCF from the denominator and numerator


Step 4:  Rewrite the fraction



Example 2:  Reduce  12/24  to its lowest terms.





Step 1:  12 – 1, 2, 3, 4, 6, 12






    24 – 1, 2, 3, 4, 6, 8, 12, 24







GCF = 12





Step 2:     12   =  12 ( 1 





     24      12 ( 2





Step 3:  Cancel the 12's





Step 4:  Rewrite       1 .







          2



Example 3:  Reduce  42/45  to its lowest terms.

Before discussing the second method, we need to discuss the two types of numbers.  All numbers are either composite or primes. Composite numbers have more factors other than one and themselves.  Said another way, each composite number contains 1 and itself as factors as well as at least one other number.  A prime number has only 1 and itself as factors.
In order to find all the prime factors of a composite number, we will use a method called prime factorization. The method goes like this:  
1) What is the smallest prime number that our number is divisible by?

2) What times that prime gives our number?

3) Once we have these two factors we circle the prime number and focus on the one  

    that isn’t prime.  
4) If there is one that isn’t prime, we ask the same two questions again, until we have   

    found all the prime numbers that our number is divisible by.

5) Then we rewrite our composite number as a product of all the circled primes.

6) Finally, we can use exponential notation to write them in a simplified manner.

*Note:  When multiplied together all the primes must yield the composite number or there is an error.





12





/   \





       2          6





                  /   \






    2     3  
12  =  2(2(3  =  22  (  3

Whether you use a factor tree as I have here, or one of the other methods is up to you. I find that the factor tree works nicely.


Example 4:
Find the prime factorization of 15 and 24

Now, we can return to our task. We will find an equivalent fraction by reducing using the prime factorization method. The method proceeds as follows:

Step 1:  Factor numerator and denominator into prime factors


Step 2:  Cancel all factors in common in both numerator and denominator.


Step 3:  Rewrite the fraction.



Example 5: Reduce  12/24  to its lowest terms.





Step 1:   12  =     2 ( 2 ( 3   .  





     24      2 ( 2 ( 2 ( 3





Step 2:  Cancel the 2 of the 2's and the 3's





Step 3:  Rewrite    1/2 .



Example 6:  Reduce  42/45  to its lowest terms.

In order to add and subtract fractions, you must also know how to build a higher term. Building a higher term is another way to find an equivalent form of a fraction. To build a higher term you must know the Fundamental Theorem(Principle) of Fractions. Essentially this principle says that as long as you do the same thing (multiply or divide by the same number) to both the numerator and denominator you will get an equivalent fraction. Here it is in symbols:


Fundamental Theorem (Principle) of Fractions


 a ( c   =   a 

or 

a ( c  =   a 




 b ( c
      b



b ( c
     b

This is used to build an equivalent fraction. An equivalent fraction is a fraction representing the same quantity. For example:



 1/4 


and


 2/8 


are equivalent fractions.

*Note: The portion of the figure shaded is exactly the same. The figure is simply broken into different amounts. This is the visual representation of equivalent fractions.
To create an equivalent fraction we use the fundamental principle of fractions. Here is a process:


Step 1:  Decide or know what the new denominator is to be.


Step 2:  Use division to decide what the "c" will be as in the fundamental 



principle of fractions.


Step 3:  Multiply both the numerator and denominator by the "c"


Step 4:  Rewrite the fraction.


Example 7:  Write an equivalent fraction to



a)  
2/3  with a denominator of 9.



b)
8/15  with a denominator of 30.

Now, let's review how to multiply fractions.  Multiplying fractions is very easy, but should never be confused with adding fractions.



Step 1:  Cancel if possible



Step 2:  Multiply numerators



Step 3:  Multiply denominators



Step 4:  Reduce/Change to mixed number if necessary


Example 8:  Multiply.


a)
 2/3 • 5/7 

b)
 3/8  x  2/5 


What if we wish to multiply mixed numbers?  If we wish to multiply mixed numbers we must first convert them to improper fractions.   Let's recall how:



Step 1:  Multiply the whole number and the denominator



Step 2:  Add the numerator to the product


Step 3:  Put the sum over the denominator


Example 9:  Multiply.

(11/2)( 1/2 ) 


Sometimes as a result of multiplying two mixed numbers we may get an improper fraction and we may need to convert it to a mixed number.  It is always easiest to convert to a mixed number when the improper fraction is in its lowest terms.  These are the steps to converting an improper fraction to a mixed number:


Step 1:  Reduce the improper fraction to its lowest terms


Step 2:  Divide the denominator into the numerator (numerator ÷  denominator)

Step 3:  Write the whole number and put the remainder over the denominator.


Example 10:
Multiply

3 2/3 ( 1/2 )

Before we discuss dividing fractions we must define a reciprocal.  A reciprocal can be defined as flipping the fraction over, which means making the denominator the numerator and the numerator the denominator.  Another way that I frequently speak of taking a reciprocal is saying to invert it.  The actual definition of a reciprocal is the number that when multiplied by the number at hand, will yield the identity element of multiplication (one).

To divide fractions, we must use the following steps:


Step 1:  Invert the divisor (that is the second number; the one that you're dividing by)


Step 2:  Multiply the inverted divisor by the dividend (the first number; the number 



that you are dividing into pieces)


Step 3:  Reduce the answer if necessary.


Example 11:  Divide
  



a)
5/8   (   2/3 



b)
5/8   (   3/4 




c)
5/8   (   3/5 



d)
4 3/7  ÷  31/7


e)
7/8  ÷  3 1/4
Now, let's discuss addition and subtraction of simple fractions.  To add and subtract fractions with common denominators all that must be done is to add or subtract the numerators and carry along the common denominator.


Example 12:  Add



a)
 4/5   –    1/5 



b)
 23/105   +   4/105 
In order to add or subtract fractions with unlike denominators we must first find a common denominator. The best way to do this is to find the least common denominator (LCD) which is the least common multiple (LCM). The LCM is the lowest number, which both denominators go into or said another way is the lowest multiple that all numbers have in common.

Let’s outline and practice the best method for finding an LCM/LCD.


Step 1:  Find the prime factorization of all denominators, writing in exponential 



notation


Step 2:  Write all the unique prime numbers in the prime factorizations


Step 3:
  Write the primes to their highest exponent

Step 4:
  Multiply

Example 13:
Find the LCD of 22 and 33.

Here are the steps that you use in order to add two fractions that do not have common denominators:


Step 1:  Find the LCM/LCD

Step 2:  Build equivalent fractions using LCM/LCD


Step 3:  Add or subtract the new fractions


Step 4:  Simplify by reducing to lowest terms and/or changing to a mixed #


Example 14:
Add/Subtract.


a)
5/22  –  5/33



b)
   1/3   +   2/5 



c)
 1/4   +   2/3 



d)
   5/8  +   3/4 


What if we need to add or subtract mixed numbers or fractions from whole numbers?  Then we have two methods of accomplishing our task.  The first method is changing a mixed number into an improper fraction.  We already discussed how to change a mixed number into an improper fraction in our discussion of multiplication.

Example 15:  11/5  +  23/5 


The second method is to add or subtract the whole numbers, and then to add or subtract the numerators of the fractions (provided that they are common denominators – if they aren’t then they need to be made into equivalent fractions with the LCD).  There are two problems that are likely to arise in using this method.  The first is that the fractions when added will be more than one whole, in which case we will need to recall that a mixed number such as 11/4  means 1  +   1/4  and therefore we can convert the improper fraction to a mixed number and add it to the whole number.


Example 16:  Add and notice what happens with the fractional portion:





13/4   +  51/4 


The other case is if the fraction we are subtracting from is smaller than the fraction being subtracted. In this case we must borrow.

Example 17:  Subtract and notice what happens in trying to subtract the fractions


(Remember subtraction is not commutative so you can’t subtract 3 from 2 and get 1 and we don’t want to get a negative one either!)





52/5   (  23/5 


What about whole numbers?  Let’s take a look at an example:


Example 18:
Add/Subtract


a)
7  +  1/10


b)
4  –  1/5
Due to the initial discussion of multiplication and division in §2.1&2.2 your book chooses to discuss some properties of the real numbers without naming them. We already came across the commutative property and the associative property (moving and grouping respectively). Now we will talk about the identity element and identity property of multiplication.
The identity element is the thing that gives the number itself back.  They should not be confused with the Inverse properties, which yield the Identity Elements.



a  (  1  =  a

Multiplication's Identity Element is 1

Since division is multiplication  by a reciprocal and 1’s reciprocal is still 1, division by one yields the same result.



a ÷ 1 = a

If you check a • 1 = a you see that a ÷ a = 1 must be true, which is another property that you should know.



a  ÷  a  =  1

Supplemental Material for §2.2
Sometimes we wish to convert a fraction to a decimal.  This is a simple conversion to make.  All it requires is dividing the numerator by the denominator.  However, in order to do this there are some things that we must recall.  First, you must remember that we will be getting a decimal and therefore, you need to insert a decimal and zeros after the numerator.  Next, you must remember some principles of rounding, that you will use if your decimal is a repeating on as in the case of  2/3 .


Example 1:  Convert  to a decimal


a)
1/4



b)
5/6
Some decimal conversions you should be capable of making automatically. This will save you time when doing calculations more easily done with fractions than decimals or vice versa. Along with the decimal to fractions and fraction to decimal conversions, you should be able to convert these numbers into percentages.

Recall that a percent is a fractional part of one hundred. We can make any fraction into a percent by converting it to a decimal and moving the decimal place two places to the right. We can also represent a percent as a fraction by moving the decimal (recall that a number written without a decimal always has an implied decimal to the right of the right most number) to the left two places and then placing the number over a factor of 10 containing the same number of zeros as the number of decimal places. Always remember that when converting to a fraction, from a percentage, that we will want a reduced fraction! Let's see some examples of this:


Example 2:  Convert  2/3  to a percentage

Example 3:  Convert to a fraction:

a)
25%



b)
89.45%


c)
33 1/3%
(This one can be tricky, because of it’s repeating nature)
Now, here are some fractions, their decimal and percentage representations that you might want to have memorized!

	Fraction
	Decimal
	Percentage

	¼
	.25
	25 %

	½
	.5
	50%

	3/4
	.75
	75%

	1/8
	.125
	12.5%

	7/8
	.875
	87.5%

	1/5
	.2
	20%

	2/5
	.4
	40%

	3/5
	.6
	60%

	4/5
	.8
	80%

	1/6
	0.1666 (w/ bar over last 6)
	162/3% 

	1/3
	0.33333 (w/ bar over last 3)
	331/3% 

	2/3
	0.6666 (w/ bar over last 6)
	662/3% 

	1/9
	0.1111 (w/ bar over last 1)
	111/9 %

	2/9
	0.22222 (w/ bar over last 2)
	222/9%

	4/9
	0.4444 (w/ bar over last 4)
	44


§2.3 Adding Real Numbers
Objectives
· Integers and numbers lines revisited

· Opposites

· Absolute Values

· Adding Real Numbers using Number Line and Rules

· Real Life and Real Numbers to Model
In this section we will be using the integers and other real numbers (fractions). Recall that the integers are the whole numbers and their opposites. An opposite is a number on the number line that is on the opposite side of zero from the number under discussion. We have discussed the numbers whole numbers 0, 1, 2, 3, … which are the positive numbers and zero. The positive numbers can also be called the natural or counting numbers and are we use to count things. Although we do not use a positive sign, +1, to represent the number 1, we assume that it is positive. The negative numbers are what we will be adding to the set of whole numbers to get the set of integers. The negative numbers are the same numbers as the positive numbers, but they have a negative sign attached. The negative numbers are located on the opposite side of zero from the positive numbers on the number line


Where +1 is one unit to the right of zero


 -1 is one unit to the left of zero


-2 is two units to the left of zero 


+2 is two units to the right of zero
Recall:  Integers (A subset of the real numbers)


{…,-5,-4,-3,-2,-1,0,1,2,3,4,5,…}

The integers can be represented on the number line. Recall that the number line is organized with something called the order principle of the real numbers. The order principle tells us that every number to the right of a given number is larger than the given number and that every number to the left of a given number is smaller than the given number.  



You may be thinking, “How do I use these numbers in my real life?” Well, the answer is you can use them for many things that you already use English words to express. Here are some examples.


Example:
My checking account had $54 and I wrote a check for $55, leaving 

me overdrawn by $1. Instead of saying overdrawn by $1, we can 

represent this as an integer:




-$1
Example:
If I go to the Mohave desert certain parts are below sea level. For 

instance the elevation may be 27 feet below sea level. Instead of 

saying below sea level, since sea level is considered zero, I could 

say:




-27 feet


Example:
If I go to the northern Alaska in the winter time, the temperature 

will more than likely be below freezing.  If we talk about 

temperature on the Celsius scale, 0 degrees is freezing.  If it is 17 

degrees below freezing on the Celsius scale, we could say:




-17 degrees Celsius

We need to discuss the idea of opposites in a little more detail and introduce the notation for writing an opposite. Remember that an opposite is the same number of units from the origin on the opposite of zero than the number under discussion. Another name for the opposite is the additive inverse. The formal definition of an additive inverse is any number that can be added to the number at hand that will give the identity element of addition – recall that the identity element of addition is zero.
Opposites

Let “a” be any real number that is not zero.



– a  is the opposite of  “a”  also written  – (a) is the opposite of “a”



– (– a) is the opposite of “– a” also known as a double negative

Example 1:
Write the opposite of each number below.  (Use the number line if 

necessary.)
a) 3

b)
–16

c)
205/112
Example 2:
Write the equivalent of each statement

a) – (– 5)

b)
– (6)

c)
– (– 91/100)

*Note:  Zero has no opposite because it is neither positive nor negative. Zero is the center of the number line.

Example 3:
Write the additive inverse of each number below.  (Use the number 
line if necessary.)
a)
– 7

b)
2/3

c)
0

The absolute value of a number tells us how many units from the origin a given number is. It does not tell us anything about direction from the origin. It takes away all indication of direction. Because absolute value only tells us about number of units from the origin, the absolute value looks like any given number without its sign. The notation for the absolute value of a number is the special parentheses that look like this | |. These are parentheses, so in doing order of operations, if there are operations within the | |, we do those first, then evaluate the absolute value of the result (how many units from the origin is the answer within the parentheses).

Absolute Value

Let “a” be any real number


| a |  =  a  or  | – a |  =  a
where the answer is the # of units from zero






# of units “does not have a sign”


Example 4:
Find the absolute value of each number

a)
| – 230 |
b)
| 0 |

c)
| 85 |

d)
| – 1/2 |

Combining the opposite and absolute value can be confusing at first, but just remember that you take care of parentheses first, and absolute values are parentheses, so you must first evaluate the absolute value and then take the opposite of that if it is the opposite of the absolute value.


Example 5:
Evaluate the following and write each in words.



a)
– | – 5 |



b)
| - (- 3/5) |




c)
– ( – | 105/202 | )


d)
– [ – (– | – 7 | )]

Recall that if we have a negative number we are traveling in the negative direction on the number line (left). If we have a positive number we are traveling in a positive direction (right) on the number line.



Adding Real Numbers on A Number Line

Step 1:  Start at the zero and move to first addend (an addend is a number being added)
Step 2:  Move the appropriate number of units in the positive or 


  negative direction as indicated by the 2nd addend


Example 6:  Add each of the following using a number line



a)
7  +  (-3)



b)
-3  +  (-4)



c)
-10  +  4



d)
3/5 + 3/5
Rules for Adding Real Numbers

Example 7:
Use the rules for adding integers to add the following



a)
2/3  +  1/4


b)
13  +  (– 15)



c)
– 75  +  (– 12)


d)
–  1/4  +  3/4


e)
– 0.52  +  (– 3.8)

f)
–256.8  +  27.38
We can also evaluate algebraic expressions with real numbers. The most important thing about evaluating when using real numbers is to be rigorous about placing parentheses where the variables are located and then place the real numbers inside. If you are already doing evaluation of algebraic expressions as I taught you that they should be done, then evaluating them when there are real numbers will not make any difference! Let’s practice.


Example 8:
Evaluate
x  +  y  when


a)
x  =  – 1/7  and y  =  – 1/6

b)
x  =  20.7 and y  =  -7.35

c)
x  =  109  and  y  =  -289

The last thing that we need to discuss before bringing this section to a close is applications. I want to use 3 examples of my own, followed by one from your book.

Example 9:
In golf your scores can be under or over par. If a golfer has 3 




games in which he scores 3 under on the first, 5 over in the second 




and 3 under on the third, what is his total score after the three 




games?


Example 10:
Clarise has $290 in her checking account.  She writes checks for 




$102 and $75 and then makes a deposit of $170. Find the amount 




left in her account.


Example 11:
Suppose a deep-sea diver dives from the surface to 125 feet below 




the surface.  She then dives 12 more feet. What is her present 




depth as a signed number?

Now, the example from your text which will incorporate an algebraic expression and a table of values into the process.

Example 12:
See §2.3 Exercise #76 p. 79 of Lehmann’s text

§2.4 Change in Quantity and Subtracting Real Numbers

Objectives
· Defining a change in quantity

· Subtract real numbers

· Signs for change in quantity of real world problems
Remember the additive inverse  of a number is its opposite. It is the number that when added to the number at hand produces zero. In symbols we can say that a number's additive inverse is its negative:  



n's 
additive inverse is 
– n


– n's
 additive inverse is 
n  


Example 13:  What is the opposite of 2?


Example 14:  What is the additive inverse of -2?

First a little vocabulary, so we can state subtraction’s definition very formally.

Subtraction Problem’s Parts
Difference = Minuend – Subtrahend

Now, redefining subtraction…

Subtraction is defined as addition of an opposite, meaning




Difference = Minuend   +   [– (Subtrahend)]

*Note: This can be read as copy the first number (the minuend) and add the opposite of the second number (the minuend). Or it could be read as copy the first number (the minuend) and add the second number’s (the subtrahend’s) additive inverse.

Example 15:  Rewrite each subtraction problem as an addition problem.

a)  3 ( 9

b)  7 ( (-4)

c) -9 ( 6

d)  -12( (-6)

Once we see a subtraction problem as an addition problem there are no more rules to learn! We already know how to add integers in two different ways – using the number line and using the rules.  Now all we must do is practice our new skill.


Example 16:
Change to addition and simplify.



a)
257  (  156



b)
2505  (  (-2725)



c)
-179.3  (  3.84



d)
-1/4  –  (-3/4)
When evaluating an expression that contains integers it is so important to remember your parentheses when replacing a variable with a given amount.  This is even more important with integer subtraction.  Although Lehmann does not discuss this topic in this section I am going to leave it in.


Example 17:  Evaluate
x ( y + z  if  x = 2, y = -5 and z = -3

A change in quantity is the difference between an ending quantity and a beginning quantity.

*Note: The word “from” is a preposition and therefore we are being told the beginning quantity with its use. The word “to” is then used to indicate the end quantity.

Example 18:
If you have a current balance of -$158 in your checking account 

and after you write a check for your rent you are overdrawn by 

$3603, how much was your rent?


Example 19:
A current temperature of certain liquid is -79°C. The boiling point 

of that liquid is 19°C. What is the change in temperature from the 

current temperature to its boiling point?

Example 20:  
At the top of Mt. Whitney the average winter temperature 




is -23(F and several hundred miles away in Death Valley the 




average winter temperature is 82ºF. Find the change from Mt. 



Whitney’s to Death Valley’s winter temperature.
This last example brings us to an important topic of positive verses negative change. In real world situations, depending upon what is considered the beginning quantity and what is considered the ending quantity, the answer may be positive verses negative. For instance, if the order of the change in Example 20 had been “from Death Valley to Mt. Whitney” our answer would have been a negative quantity. All this indicates is whether the change in quantity is increasing or decreasing. Example 20 as it was written shows an increase in temperature from Mt. Whitney’s temperature to Death Valley’s temperature. 


Example 21:
Let’s take your book’s exercise #59 p. 87 and rewrite it. Let’s say 



that you start at the top of Mt. McKinley which has an elevation of 




20,320 feet above sea level and you end in Death Valley which has 



an elevation of 282 feet below sea level. What is your change in 



elevation?
*Note: This example when compared to exercise 59 has the opposite answer. This tells us that we have gone down in elevation, instead of going up. The change is actually a value best described as an absolute value. If we wish to give further information the sign can be used to add that information.
§2.5 Ratios, %’s and Mult & Divide ℝ 
Objectives
· Find the ratio of 2 quantities

· Meaning of a percent

· Convert % to decimal & decimal to %

· Find % of a quantity

· Multiply & Divide ℝ

· Know – a/b = -a/b = a/-b
A ratio is a quotient of two numbers when divisor isn't zero.  A ratio is stated as: 

 a to b

a : b

or

 a 
where a & b are whole numbers and 







 b
b(0

*Note: Another way of reading a ratio is “a” times as many “a quantities” as “b quantities”. This is very useful when we think in terms of a unit ratio (see below).
Facts about Ratios

1)  Always written as one whole number to another although it may not start out being written in this form. 

2)  Always simplify a ratio by putting it in lowest terms (recall that this means that all common factors have been divided out, hence our relationship to this section).

3)  A ratio must always be the quotient of two whole numbers.

4)  A ratio is never simplified to a whole number or a mixed number.

Writing a Ratio Correctly
Step 1:  Write one number divided by another number (order will be dependent upon your 

   problem, pay attention to the word to or the word quotient or its equivalent to help you out)
Step 2:  Divide out (cancel out) all common factors

Step 3:  Rewrite the ratio making sure that it is written as one whole number to another


Example 21:
Write the following correctly, as ratios


a)
5 to 15





b)
30 to 210


Example 22:
What is the ratio of the perimeter of the room to its width if the 

room is a rectangle that is 10 feet long and 9 feet wide?

A special case of ratios is called unit ratio. A unit ratio is a ratio of any real number to one. Furthermore, unit ratios will typically have the same units for both the numerator and the denominator. We write a unit ratio using the same principle as finding a correct ratio, except that we divide out the number that is in the denominator. This can create a number that is not a whole number, which is fine in a unit ratio. A unit ratio is not written as a whole number to another, it is simply written as a real number.
Writing a Unit Ratio
Step 1:  Write as one number to another, also writing the units in this form

Step 2:  Divide the numerator by the denominator (round only when told)
Step 3:  Write the rate with its ratio like units


Example 23:
Write 23 miles to 6 gallons as a rate.


Example 24: 
Find the average speed of a car that travels 212 miles in 4 hours.

Note:  Average speed is a rate, found by the rate equation r  =  d / t, which can also be written as d  =  r( t, which is know as the distance equation. r = rate, d = distance & t = time.


Example 25:
A Ferris wheel completes one revolution in 20 seconds. If its 



circumference is 220 feet, what is the rate that a person travels 



when riding on the Ferris wheel?

A unit ratio is especially convenient in comparing quantities. Unit prices are given in grocery stores on the tags on the shelf, so that the shopper can compare the price per unit rather than just the price of the entire container.

Example 26:
You go to the store to purchase a box of crackers and find two 



brands that you typically buy and would be happy to purchase, are 



on sale. One box is a little larger than the other at 24 ounces. It is 




on sale for $2.60. The other box is 21 ounces and it is on sale for 




$2.30. You grab the cheaper one, the smaller box because you pay 




less for it. Did you get the better deal?
*Note: This is where unit ratios are important in the every day world. You want be an informed consumer. If you didn’t know about unit pricing before now, I bet you look next time you are in the store.

A percent is a part of a hundred.

There are 3 equivalent forms – a fraction, a decimal and a percent.  


Example 27:  
75%  =   75   =   3   =  0.75  



                  
  100       4

All these are called equivalent forms, because they indicate the same thing

Let’s start with a quick review of fraction to decimal and decimal to fraction conversions. You’ll recall that I included some of this as supplemental material in §2.2. You can use the YouTube video on the supplemental material to review how to convert a fraction to a decimal.

The following list is a good one to have memorized – you won’t be sorry!  However, except in the cases of repeating, non-terminating decimals, you will always be able to get back make every conversion using your math skills.

	Fraction
	Decimal

	½
	0.5

	1/3
	0.3333(

	2/3
	0.6666(

	¼
	0.25

	¾
	0.75

	1/5
	0.2

	2/5
	0.4

	3/5
	0.6

	4/5
	0.8

	1/6
	0.1666(

	5/6
	0.8333(

	1/8
	0.125

	3/8
	0.375

	5/8
	0.625

	7/8
	0.875

	1/9
	0.111(

	2/9
	0.222(

	4/9
	0.444(

	5/9
	0.555(

	7/9
	0.777(

	8/9
	0.888(


Converting a fraction to a decimal is quite simple. It involves knowing that a fraction is a division problem where the numerator is divided by the denominator. We must also know some simple facts about division and decimals:


Fact 1:  There is always a decimal after the whole number


Fact 2:  We can keep putting zeros at the right of the decimal and continue to 



  divide as long as needed


Fact 3:  There are 3 types of decimals – terminating, non-terminating repeating, 



  and non-terminating, non-repeating (an irrational number that can’t be achieved 



  from a fraction)


Fact 4:  We can round a decimal just as we can a whole number


Fact 5:  Repeating decimals can be shown to repeat using a bar over the repeating 



  pattern

Fact 6:  Non-terminating, repeating decimals are best left as fractions, but if 



  they must be converted to a decimal they must be rounded for operations

Each of the facts above come up when converting fractions to decimals and we will show them by example.

Converting a Fraction to a Decimal
Step 1:  Divide the numerator by the denominator (the numerator goes under the division 


  symbol)
Step 2:  Place a decimal after the dividend (the numerator) and add a few zeros

Step 3:  Bring the decimal up into the quotient (that is the answer to a division problem)
Step 4:  Divide as normal, ignoring the decimal

Step 5:  a)  Answer terminates, no problem


 b)  Answer is a repeating decimal, use bar over repeat pattern to indicate repeat


 c)  Answer appears to be  non-repeating and non-terminating (it isn’t, you just 


       haven’t seen the pattern yet) decide an appropriate place to round if you really 


      must have a decimal (best to leave as a fraction)

Example 28:
Change to a decimal


a)
3/5




b)
2/3

c)
 2/7 to a decimal and round to the thousandths place
Note:  It appears that these do not repeat, but with the use of a calculator you would see that there is a pattern that actually does repeat.

More For You to Practice:

Example 29:
Change  to a decimal


a)
5/8
b)
2/9  
c)
5/13 ; round to the hundredths place

Writing a Decimal as a Fraction
Step 1:
  Count the number of places to the right of the decimal

Step 2:
  Use decimal number, without regards to the decimal, as the numerator 

Step 3:
  Make the denominator the factor of 10 that has the same number of zeros 

  counted in step 1.


Example 30:
Convert the decimals to a fraction 


a)  0.39


b)  0.0035


c)  1.085

Note:  The one doesn’t have to do anything but come along for the ride.  Just put one and then deal with converting the decimal portion to a fraction.
Now that we have reviewed changing between two of the equivalent form, we will discuss how to convert amongst all equivalent forms.

Decimal to a Percentage (  Move the decimal two places to the right 

(since we must “undo” the part of 100 to make it read %)

Percentage to a Decimal (  Move the decimal two places to the left

(since we must make it into parts of 100 to make it into a decimal again)

Fraction to a Percentage (  Convert to a decimal and then to a percentage.  If 

you are really lucky you might have a fraction that 

has a denominator that is a factor of 100 in which 

case you can simply build the higher term.

Percentage to a Fraction (  Write as a part of 100 and reduce as necessary

Example 31:
There are 53 people with cancer in a recent survey of 100 people.  

What is the percentage of people with cancer?


Example 32:  
Express 25 %  as a decimal


Example 33:
Express 2/7 as a percentage


Example 34:
Express 0.982 as a percentage


Example 35:
Convert 5 1/3 % to a decimal


Example 36:
Convert  1/9 to a percentage

Example 37:
Convert 23/50 to a decimal

Note:  This is an alternate method of changing a fraction to a decimal, since it is easier to build the higher term than it is to divide.


Example 38:
Complete the following table. Make sure all fractions are in 

reduced form and that you have shown all work.

	Percent
	Decimal
	Fraction

	
	
	1/3

	
	0.6666(
	

	52 ½ %
	
	

	
	
	4 4/5


Note:  This is usually the form that such questions will take on an exam, so that I can see if you have the basics.

Before we begin working with percentages, I want to review multiplying decimals.
Multiplying Decimals

Step 1:  Multiply as usual, ignoring the decimal

Step 2:  Count total number of decimal places in factors (count from right to decimal, in each 

  factor, getting a total number of decimal places)
Step 3:  Count from right to the left in product, the number of place in step 2 and place 

  decimal


Example 39:
Multiply

a)
1.2(1.2)
b)
15.1  x  0.02

c)
(310.9)(0.13)
*Note: With decimals we don’t usually use the “•” to mean multiplication because it can become confusing with the decimal.
Percentage Problems

We will be seeing percentage problems in word problems. The following will be the forms that and their corresponding algebraic equation. Since we aren’t to algebraic equations yet, this section only covers the first form (the bold one).
	Forms
	Algebra Equation

	Percent of a number is what
	 (%)(number) = x

	What percent of a number is the total
	 (x%)(number) = total

	Percent of what is the total
	 (%)(x) = total


It will help to do your problems in the following manner in order to later use them as part of a word problem. You may use the “is over of” method if you wish and set up a ratio as an alternate method. Our work will be in the shaded cell below.
	Rewrite all problems into this form
	Make Algebraic Equation

	------% of -----(whole) is --------(part)
	Percent Missing      72x  =  36

Note: x will be a decimal, convert to %

	
	Whole Missing        0.5x  =  36

Note:  Change percent to a decimal to solve

	
	Part Missing           0.5(72)  =  x

Note:  Change percent to a decimal to solve


Percent of a Quantity
Step 1:  Change the percentage to a decimal

Step 2:  Multiply the decimal by the total quantity

Step 3:  Your answer is the percentage of the total quantity (give appropriate units)

Or
Percent of a Quantity (“is over of” method)
Step 1:  Write the percentage as a part of 100 (reducing at this point is up to you)

Step 2:  Multiply the ratio representing your percent by the total quantity

Step 3:  Use your fraction skills to give the answer that represents the portion of the total 


  quantity (use appropriate units)



Example 40:
Find 35% of 18 ounces.

Example 41:
Find 8 1/4% of $1000.
Multiplying & Dividing Real Numbers

Rule 1:  Multiplication or Division of two positive numbers yields a positive number 



(+  (  +  =  +)

Rule 2:  Multiplication or Division of two negative numbers yields a positive number  



(–  (  –  =  +)
Rule 3:  Multiplication or Division of a negative and positive number yields a negative 


  number 



(–  (  +  =  –  or  +  (  –  =  –)

Here’s a nice visual to remember this too:

+








– 

–

Example 42:  Simplify


a)
-5 x 3


b)
-15 ( -3

c)
 -3/4 ( -8/9

d)
-21/3


e)
7(-56


f)
-4/9  ÷  4/9

g)
0(-3.5)


h)
-27


i)
  0  








  0



-15

I want to talk about division of decimals separately so that we can review all the details of the operation. I’ll just throw signs into the mix – remember the rules above as needed.
Division by a Whole #
Step 1:  If the dividend is a whole number place a decimal and add zeros appropriately

Step 2:  Divide as normal, bringing decimal up into quotient at appropriate place

Step 3:  a)  Answer terminates, no problem


  b)  Answer is a repeating decimal, use bar over repeat pattern to indicate repeat


  c)  Answer appears to be  non-repeating and non-terminating (it isn’t, you just 


        haven’t seen the pattern yet) decide an appropriate place to round

Example 43:
Divide

a)
-27  (  9

b)
12 ( -27


c)
45/7
d)
-29.5  (  -4

e)
-11 ( 12.1011

Dividing when the divisor contains a decimal requires an extra step. We must first remove the decimal from the divisor before we can divide. To do this we move the decimal the same number of places to the right in the dividend as we did in the divisor. This removes the divisor’s decimal.
Dividing by a Decimal
Step 1:  Remove the decimal from the divisor by moving the decimal the same number of 

  places in the dividend as in the divisor

Step 2:  Divide as before, don’t forget to bring the decimal up into the quotient

Step 3:  a)  Answer terminates, no problem


  b)  Answer is a repeating decimal, use bar over repeat pattern to indicate repeat


  c)  Answer appears to be  non-repeating and non-terminating (it isn’t, you just 


        haven’t seen the pattern yet) decide an appropriate place to round

Example 44:
Divide

a)
24  (  -1.2

b)
2.45  (  0.2

c)
-0.003 ( -9.26

Example 45:
Divide and round to the nearest tenth





-27.19  (  1.9

I want to remind you that the following is true, because of the rules for dividing real numbers:




  a            -a            a  






  b
      b
         -b
Your book tries to “mess with you” in addition and subtraction problems using this concept. I’ll show you with an example what I mean.



Example 46:

    7     –       -7  






  -18            24

Oh, and let’s not leave out a fun example of evaluation.



Example 47:
If x = 12  and y = -18, find the value of
  x  











  y
§2.6 Exponents and Order of Operations
Objectives
· Meaning of an exponent

· Opposite of number raised to a power verses a negative number raised to a power
· Order of Operations

· Revisit Translations

Recall that an exponent represents repeated multiplication.  The exponent, the little number that is written above and to the right of the base, tells us how many times to use the base as a factor.  The base, the main number, can be any real number.  Using a number as a factor means multiplying it by itself.  




Base ( 5 2 (Exponent 

There are some special names for exponents 2 and 3.  The exponent 2 is called the  square and 3 is called the cube.  There are also several ways to refer to an exponent – we can say "to the (exponent's) power" or "to the power of (exponent)"

Not only can the base be a whole number but it can also be a fraction, a decimal, an expression, etc.  Let's try two examples using fractions and decimals.


Example 48:
Expand and simplify


a)
34

b)
(1/4)2

c)
(0.05)3

d)
(-3)2

I would highly recommend that you memorize the perfect squares for quickly squaring simple numbers and for future reference.

12=1, 22=4, 32=9, 42=16, 52=25, 62=36, 72=49, 82=64, 92=81, 102=100, 112=121, 122=144, 132=169, 142=196, 152=225, 252=625.

The following perfect cubes may also be helpful:
13=1, 23=8, 33=27, 43=64, & 53=125

Difference between (-a)r  and  –ar

(-a)r  does not mean the same thing as –ar  
Note: The 1st says use –a as the base, the second says the opposite of the answer of ar.  The reason that this is true is because the exponent only applies to the number to which is written to the right of and –a is –1 ( a and therefore the –1 isn't being raised to the "r" power.


– 22  ≠  (-2)2
because 
the left side says, “the opposite of 2 squared” 
and 






the right side says, “negative 2 squared”

This statement yields:

- (2 • 2)  ≠  -2  •  -2  

(

-4  ≠  4
Example 49:
Name the base, exponent, rewrite using repeated 

multiplication, and simplify to a single number.

a)
(-5)2





b)
-52

Example 50:
Simplify

a)
(-3)2


b)
-32

c)
- 0.252
When many operators are used in a single mathematical expression it can become confusing as to which one to do first. We solve this by using order of operations and grouping symbols. Grouping symbols such as brackets [ ], braces {}, and parentheses ( ) help us to tell others what we wish them to do first, which leads directly into the order of operations.


Order of Operations

Parentheses, Brackets or Braces


Exponents


Multiplication and Division in order from left to right

Addition and Subtraction in order from left to right
A trick for reminding yourself which operations in what order is the following:  Please Elect My Dear Aunt Sally or simply PEMDAS  (you must always remember that the MD and AS is left to right order not strictly multiply then divide, or add then subtract)

Example 51:
Simplify using order of operations


a)
7  +  22  (  2




b)
1  +  9  (  5  (  21


c)
6  (  3  +  2  (  10  (  5


d)
4  (  9/3  +  1


e)
11  +  32  +  6(8   (  2)    


f)
  | 6  –  2 |   +  3  



       2  +  3  (  4




      8  +  2 • 5


Example 52:
Use order of operations to simplify each.


a)
2  –  3(8  –  6)


b)
| -2 |  +  (-6)2  +  (-3  –  8) 




c)
- 22  (  [ 5 ( (-4)] 

d)
(5  (  9) (  | -8  (  2/3 |

e)
9  (  5  (  (3)(-7)   (  2 ½
f)
     | (9)(-1)  +  -11 |     




 7  (  9
   


    -5  +  -22  +  | -9 |

g)
  7 ( -8  +  (-7)2  +  7  





       | -8  (  9 |




Example 53:
Evaluate when

a  =  2,  b  =  -3  &  c  =  -1


a)
a2  +  b2


b)
– a2  +  b

Example 54:
Translate and evaluate when the unknown value is -2



a)
The quotient of 72 and twice the number



b)
Subtract five times a number and the quotient of 10 and the 




number.



c)
The product of the number and the sum of 5 and the number 




squared.
-5





5





0





5





-5





0





Same Signs


  Step 1:  Add the absolute values


  Step 2:  Keep the common sign





Different Signs


  Step 1:  Subtract the absolute value of 


                the smaller from the larger


  Step 2:  Keep the sign of the large





Change in Quantity  =  End Quantity  –  Begin Quantity





For a Change in Quantity Problem


The comparison going from a smaller to a larger value or from a larger to a smaller value, results in a sign attachment to the answer. That sign indicates…





A negative answer shows a decrease in quantity





A positive answer shows an increase in quantity





100% = Entire Quantity





=





=





–





(





)





–
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