§1.1 Variables and Constants
Objectives

· Variables vs Constants (use in modeling)
· Describing a concept or procedure (preparation for algebraic modeling)
· Subsets of the Real Numbers
· Number Line & Graphing
· Average (mean) of numbers
In Algebra we often want to talk about a number that can change depending upon the situation. We call this quantity a variable quantity and we use a variable to represent the quantity when we refer to it. A variable is a letter of the alphabet (ours and sometimes the Greek alphabet) that represents an unknown quantity. The most commonly used variable is “x,” seconded by “n.” I always hesitate to use “t” because it looks like a “plus; ‘+’ ” and an “s” because it looks like a “five; ‘5’.” However, variables names are often given based upon the quantity that we wish to represent. For instance, if I want to talk about the mileage that my car gets under different circumstances, I might use the variable, m, to represent that variable quantity mileage.

Variables represent quantities that are unknown, but these quantities have units that are not unknown. It is important to tell the reader what the units of a variable are in the initial “setup” where the variable(s) is defined. Setting up a problem and defining variables simply means that the creator is letting everyone reading the work know from the beginning what everything represents so a clear picture can be established from the beginning – it is a “road map” of how to understand the pieces of a math puzzle.


Example 1:
I want to describe the temperature in an oven as it heats to cooking 




temperature for cookies. Describe this situation using a variable. 




Don’t forget to use units.
Not every number in a math problem is a variable. Some numbers are constants. A constant is a number that does not change in a given scenario. The book gives a fantastic example in the area of a rectangular figure. If the area of a figure is a known quantity then it is a constant, and the length and the width can vary to give the constant area. Just as with variables, it is important to let the reader known what the units of the constant(s) are as well.


Example 2:
I want my garden to be 9 square meters, but I’m undecided on the 




length (in meters) and the width (in meters) of my garden. The area of 




a rectangle is the length times the width. Give the setup for this 




scenario listing all the important information such as the 




variable(s), the constant, how the variable(s) and the constant 




interact and the units involved.
From this last example I’d like to point out that a problem won’t always be forthcoming about the units of all parts. For example, the information given to you may not have included that the length and the width were to be in meters, but due to the fact that the units of the resulting area was in meters this would indicate that both the length and the width must also be in meters. Although you may not get this type of information in the information given to you, you should be sure to “figure it out” and list it in your setup.


Example 3:
If I have a space in my backyard that I would like to place my 




garden that is 5 feet long, but can be different widths, answer the 




following questions: 




a)
What are the quantities that must be “defined”?





b)
Which quantity/quantities are variable?





c)
Which quantity/quantities are constant?





d)
What are the units of each of the quantities (both 





variable and constant) and how do you know?

You should now be able to answer problems #1-28 in the exercise set on page 10 (§1.1). Some may be a little tricky because we haven’t as yet discussed the sets of numbers, but most should be straight forward.

Before we proceed we need to discuss some of the sets of numbers that we will be dealing with in this class. In a first semester Algebra class we deal with the set of numbers known as the real numbers. A set is just a group things (called members). The real numbers contain many other sets of numbers. These other sets are called subsets because they are sets contained within another set. I’d like to start with a description of the real numbers. These numbers can best be described by a (real) number line.

Real Numbers (()


All numbers that can be represented on a number line, i.e. all 


rational and irrational numbers.
A number line is a continuing line that represents the real numbers.  At the center is zero, moving to the left from zero are the negative numbers (getting smaller and smaller) and moving to the right from zero are the positive numbers (getting larger and larger).  This is known as the order property of the real numbers. 



We place numbers on the number line using a solid dot and then by labeling them with the number that they represent. As soon as we have discussed some of the subsets of the real numbers we will return to the number line and plotting points.
Some sets of numbers that we deal with in mathematics:


Natural Numbers/Counting Numbers (N)


{ 1 , 2 , 3 , 4 , 5 , … }  The counting numbers excluding zero


Note:  These can also be called the positive numbers and can be 




written { + 1 , + 2 , . . . } but the positive sign is assumed 




and need not be written unless it is unclear what we mean.


Whole Numbers (W)


{ 0 , 1 , 2 , 3 , 4 , . . . }  The counting numbers with zero


Example: 
{x | x ( N or 0}     is a way to describe the Whole Numbers 








that uses the Natural Number and 








demonstrates set builder notation.


Integers (I)


{ . . . , - 3 , - 2 , - 1 , 0 , 1 , 2 , 3 , . . . }  All positive whole numbers, their 








  opposites and zero


Rational Numbers (R)


{x | x ( p/q , p,q ( I, q ( 0}
All numbers that can be represented as the 







quotient of integers



Example:   2/3, 5, 0, - 1/2, 0.33333


Irrational Numbers (Q)


All numbers that can't be represented as the quotient of 


integers, i.e. numbers that when represented in decimal form are non-terminating, 


non-repeating decimals

Example 4:
From the following set of numbers list those that are:




{-√12, -3, -2/3, 1.1, π, √16, 5} 




a)
Rational Numbers




b)
Counting/Natural Numbers




c)
Integers




d)
Irrational Numbers

*Note: Remember some numbers will belong to more than one set.
You should now be able to do problems #45-60 from the Exercise set on p.10 and 11.

Now we will return to the real number line and plotting points on the line. I’ve already mentioned that we need to be sure to put a dot and label the points, but here are some other pointers for plotting rational numbers:


Plotting fractions –
1)  Change improper fractions to mixed numbers. Divide 





      the numerator (top) by the denominator (bottom). The 





      quotient is whole number and use the remainder as the 





      numerator of the new fraction and original denominator 





      as the denominator of the new fraction





2)  Break the line into fractional parts completely between 





      the next lower and higher integer.





3)  Use one less line than the denominator to break the line 





      into fractional parts.


Plotting decimals – 
1)  As with fractions break the line into fractional parts 





     completely between the next lower and higher integer.





2)  Use 9 lines to break the line into tenths. Neither the 





     book nor I will ask you to plot anything but tenths.


Example 5:
Graph all of the following numbers on a single number line.





-2, -1/3, 0.4, 8/5
You should now be able to do problems #29-44 from the Exercise set on p.10 and 11.
Our last concept is how to find an average also called a mean. An average or mean is the sum of items divided by the number of items. For instance, your average test score is the sum of all your test scores divided by the number of tests that you have had.  Averages are important statistics that appear everywhere in our lives – average test scores, average points scored in a basketball game over a season, average annual temperature or rainfall, average home prices, and so on!

Computing an Average/Mean
Step 1:

Add all the numbers for which you wish to compute an average

Step 2:

Divide sum by the number of numbers that you added


Example 5:
John scored the following on his 5 tests:  78, 80, 92, 46 and 64.  

What was John’s average?

§1.2 Scattergrams
Objectives

· Coordinate System, Coordinate & Ordered Pair

· Independent & Dependent Variables

· Plotting points in the Coordinate System
· Creating a Scattergram
· Reading Bar Graphs
Bar graphs and scatter diagrams are methods of representing data visually. A bar graph is best used for comparison of data. A scatter diagrams can be used to see show a general trend and to help make inferences about relationships of data that contains dependent and independent variables. Bar graphs can either be horizontal or vertical. The graphs in Lehmann’s book are vertical. The horizontal axis shows grouping information such as names of movies, while the vertical axis shows the data being compared such as revenue. A scatter diagram uses paired data, an independent piece of information paired with a dependent piece of information, graphed on a coordinate system. The scatter diagram is useful in seeing a concentration of data points, which is one type of trend that may be useful to know.
The following is the Rectangular Coordinate System also called the Cartesian Coordinate System (after the founder, Renee Descartes). The x-axis is horizontal and is usually used to represent the independent variable and is labeled just like a number line. The y-axis intersects the x-axis perpendicularly and increases in the upward direction and decreases in the negative direction. The y-axis represents the dependent quantities. A dependent quantity depends on the value of the independent. The two axes usually intersect at zero on each. The coordinate system gives a frame of reference for a plane, which is a flat surface such as a sheet of paper (anything with only 2 dimensions is a plane).





A coordinate is a number associated with a location on the x or y-axis.

An ordered pair is a pair of coordinates, an x and a y, read in that order. An ordered pair names a specific point in the system. Each point is unique. An ordered pair is written 
(x, y)

The origin is where coordinates on both the x and the y-axis are zero. The ordered pair that describes the origin is (0, 0).

The quadrants are the 4 sections of the system labeled counterclockwise from the upper right corner. The quadrants are named I, II, III, IV. These are the Roman numerals for one, two, three, and four. It is not acceptable to say One when referring to quadrant I, etc.


Example 1:
Plot the following ordered pairs and label them with their 




quadrants where possible.





(1, 3); (-2, -4); (3, -5); (-1, 1); (0, 5); (-2, 0)
Now that we understand how to plot ordered pairs we can create a scattergram. A scattergram is a plot of a bunch of ordered pairs that may or may not be related. When the ordered pairs are related we can even look at patterns that may exist and learn something from the visual representation of the data. This is one of the very important reasons for learning to plot ordered points.

Example:
The table below shows ordered data where the independent value 




represents the value of a bill, and the dependent value represents 




the average number of years in circulation. It should be obvious 




that these two pieces of information are related. (Let’s discuss their 




relationship a little before we begin though.) Ex. #42 p. 21 of your text
	Value
	Years

	1
	1.5

	5
	2

	10
	3

	20
	4

	50
	9


Our last objective is how to read a bar chart. We won’t discuss this in class unless you ask, but I will make a video lesson on the subject. Bar charts can be vertical or horizontal representations of grouped data. There are independent groups, where data can only logically be placed in one grouping. The dependent is numeric values that all grouping could take on. Sometimes these are counts (whole numbers) and other times they are real number values. The bar chart is a visual used to compare groups to one another by some dependent value. We will investigate the bar chart via the following example.

Example:
Turn to your book on page 23&24 and let’s go through exercise 



#52.
§1.3 Exact Linear Relationships
Objectives

· Know definitions of linearly related, models, linear models, input and output

· Linear models to estimate and predict

· Scattergrams to decide if linear model is appropriate
· Meaning of intercepts
· Finding intercepts of a line and a liner model
A group of ordered pairs is said to be linearly related when the scattergram of the ordered pairs reveal points that all lie on a non-vertical, straight line.

A model describes a real life situation. A linear model is a straight, non-vertical line that describes a real life relationship between two related quantities.

Input of a model is the values the independent variable can take on that lead to the output values of the model. The output values are the values that the dependent variable can take on.

From a linear model estimates and predictions can be made. The value of the dependent variable can be estimated based upon the value of the independent. The value of the independent can be predicted based upon the value of the dependent. This can be done in the following manner:

1) Estimating the dependent



a)  Find the value of the independent



b)  Follow the vertical line from the independent value to the model



c)  From the model follow the horizontal line to the dependent value


2)  Predicting the independent



a)  Find the value of the dependent



b)  Follow the horizontal line from the dependent value to the model



c)  From the model follow the vertical line to the independent value


Example:  Turn to your book on page 31, exercise 16. We will make some 



       estimates and predictions based upon this linear model.

Continuing on with our linear model, we should discuss the intercepts. Intercepts are where the linear model (line) and an axis intersect. There are two types of intercepts. There are x-intercepts and y-intercepts. 

The x-intercept is a point where the line crosses the x-axis. It is a point where the y-coordinate is zero. An x-intercept looks like (a, 0). The x-intercept can be interpreted as the amount of input that will result in no output.
The y-intercept is a point where the line crosses the y-axis. It is a point where the x-coordinate is zero. An y-intercept looks like (0, b). It is important that you note that the y-intercept is commonly denoted with the letter b. The y-intercept can be interpreted as the baseline, or the amount of output when there is no input.

Example:
Let’s return to exercise #16 of p. 31 and complete parts c) & d)
Our last concept is to model using a line, and then using our knowledge from before to make a estimates. We can use a linear model any time that we see points lie on a straight line after we have drawn a scattergram. Here’s how:


1)  Plot points to form a scattergram for related data


2)  Notice that the points lie on a non-vertical line


3)  Draw the non-vertical line to show the model


4)  Use the linear model to make predictions as described earlier


Example:
The following table shows the value of a SUV after a given 



number of years of ownership. Plot the data and then create a 




linear model for the data. Finally, the estimate value after 3 years 




of ownerships and predict the number of years before the SUV will 




have a value of $5000. What is the V-intercept? Interpret its 




meaning.
	Years
	Value (thousands of $)

	0
	30

	2
	20

	4
	10

	5.5
	0


§1.4 Approximate Linear Relationships
Objectives

· Know meaning of an approximate linear models

· Use the linear models to estimate and predict

· Find errors in estimations

· Know meaning of interpolate, extrapolate and model breakdown

Not all scattergrams of related data will reveal a perfect linear relationship. In fact, most real life situations won’t have an exact linear relationship. However, they may be approximately linearly related. In such cases, we will notice that the scattergram has ordered pairs that form “a blurry line”. In these cases, we can use an approximate linear model. We will:


1)  Draw a straight line that comes as close as possible to as many points as 


      possible.


2)  The line will not necessarily contain all or even most points.


3)  The desire is to make the errors in estimation sum to approximately zero



a)  A point above the line is underestimated by the model




i)  A negative number is used represent the error of an underestimate



ii)  The value of the number is the difference in the y-coordinates for a given 




      x-coordinate.


b)  A point below the line is overestimated by the model




i)  A positive number is used represent the error of an overestimate

Somewhere in your future you will probably learn about a much more mathematically rigorous means of producing a linear model that will make the errors in estimation as small as possible and have the sum of the errors be zero. This is a methodology used in Statistics and other areas, called regression by means of least squares.

Just as we did in the last section, we will be able to use our model to make predictions and estimates of values and interpret their meaning based upon the parameters of the model. From the model we will still be able to find intercepts and interpret their meaning as well. However, a model isn’t always accurate for all values. We can experience model breakdown. Model breakdown happens many times when real world circumstances change and cause a change in the interaction between the independent and dependent values.


Example 1:
Let’s discuss the linear model that we saw for the depreciation of 




the SUV. The SUV depreciation has model breakdown when the 




value begins getting close to zero. A vehicle, in running order 




(even one not in running order in most cases) is never really valued 




at zero. You can always get some amount of money from vehicle 




because they do have value in our lives.
*Note: You should pay attention to the Salmon example in the text. It is another fantastic means of seeing what is meant by model breakdown.
The idea of model breakdown leads to a natural discussion of where we might expect a model to break down and some vocabulary involved with the discussion. Models breakdown for many different reasons:

1)  The data from which the model is built is not accurate for the population 


      described


2)  There is not enough data to truly create an accurate model


3)  The model doesn’t apply for values of the independent in a given region

What we saw for the SUV model for the value 6 years after purchase is an instance of extrapolating. Extrapolating means that we use a model to predict or estimate values outside the range of values used to create the original model. The further away from original values we go the less faith we have in a model’s accuracy.

We can also see model breakdown when interpolating. Interpolating is finding a value within the range of known values. Interpolating based on the model will have error. Remember that the model will not produce the same values as what actually exists, but the error is not due to same problems that exist in extrapolating, where we are making inferences for values that may not be valid.

Example 2:
Let’s use #6 p. 42 of Lehmann’s text to discuss how to create an 




approximate linear model.
y
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