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R2 Fractions

Outline

· What is a fraction & parts of a fraction

· Review of composite & prime numbers

· Finding all factors of a composite number

· Finding the prime factorization of a composite number

· Exponential Notation

· Divisibility by 2, 3, 4, 5, 10

· Reducing Using Prime Factorization

· Reducing Using GCF

· Improper Fractions((Mixed Numbers

· Multiplying Fractions & Mixed Numbers

· Reciprocal Review

· Dividing Fractions

· Adding/Subtracting  Fractions w/ Common Denominators

· LCD & Building Higher Terms

· Adding/Subtracting Fractions w/ Unlike Denominators

· Application Problems

Review of fractions is the most important arithmetic review that we need for algebra.  We will use the core concepts of fractions many times to come, especially in our study of rational expressions.  You should focus on mastering the concepts of prime factorization, reducing using prime factorization, finding a least common denominator and building a higher term in order to add fractions with unlike denominators.  

First, we need to review some vocabulary for fractions.  Recall that 






 2   ( Numerator






 3   ( Denominator

Remember also that a fraction can represent a division problem!


Example:  What is the numerator of  5/8  ?


Example:  What is the denominator of   19/97  ?

Fractions represent a part of something.  The numerator represents how many pieces of the whole are represented.  The denominator tells us how many pieces that the whole has been divided into.


Example:    For the picture drawn on the board:




a)
Represent the shaded area as a fraction




b)
Represent the unshaded area as a fraction

We like to represent fractions in what we refer to as lowest terms, which means that the numerator and denominator have no factors in common except one.  There are two technical ways of putting a fraction into lowest terms.  The first way uses greatest common factors and the other uses prime numbers.  Prime factorization is not shown extensively in your book but I will be giving examples using both.  First, we must digress and discuss some definitions and some methods of factoring.

There are 2 classifications of all counting/natural numbers {1,2,3,4…} greater than 1.  They are either prime or composite.  (Note that one is not considered either prime or composite!)
A prime number is a number that has only one and itself as factors.  A factor is a number used in a product.  A product is the answer to a multiplication problem.


Example:
7 – 1(7



19 – 1(19




29 – 1(29
Only one times the number itself yields a 






prime!

It is helpful to have some of the prime numbers memorized, I believe that it is most useful to know that 2,3,5,7,11,13,17,19,23, and 29 are prime and the most important of those are 2,3,5,7 and 11.

A composite number is a number that has more factors than one and itself.  The definition of composite in the English language is “something that is made up of many things”.  This holds true for math as well, it is a number made up of many factors.

To find all the factors of a number (not the prime factors), simply 1) start at one times the number itself and write them down with a good amount of space between, 2) then go on to the two and ask is the number at hand divisible by two (is two a factor?), 2a) if it is write two next to one and the other factor that yields your product next to the number itself (there should still be space between 2 and the other factor), 3) continue on with each successive natural number until you've "met in the middle."

Example:
14 – 1,

 ,14




14 ( 2  =  7, so 2 & 7 are factors of 14





1, 2,              7, 14




14 isn't divisible by 3




14 isn't divisible by 4




14 isn't divisible by 5




14 isn't divisible by 6




Now I've "met in the middle" since the next # is 7 which 




is in my list already, so I've found all the factors.

Example:
Find all the factors of both 9 and 18






All the numbers in the examples above are composite numbers because they have factors other than one and themselves.  Said another way, each composite number contains 1 and itself as factors as well as at least one other number.
In order to find all the prime factors of a composite number, we will use a method called prime factorization.  The method goes like this:  1) What is the smallest prime number that our number is divisible by?  2) What times that prime gives our number?  3) Once we have these two factors we circle the prime number and focus on the one that isn’t prime.  4) If there is one that isn’t prime, we ask the same two questions again, until we have found all the prime numbers that our number is divisible by.  5) Then we rewrite our composite number as a product of all the circled primes.  6) Finally, we can

use exponential notation to write them in a simplified manner.  When multiplied together all the primes must yield the composite number or there is an error.





12





/   \





       2          6





                  /   \






    2     3  
12  =  2(2(3  =  22  (  3

Whether you use a factor tree as I have here, or use one of the other methods is up to you, but I find that the very visual factor tree works nicely.  Exponential notation , the last notation used in the above answer, is nice to know too.  I’m going to leave some space here for additional notes you may want to take on that concept as I verbalize it.  My simple explanation for you right now is that the exponent (little number written above and to the right of big number) represents the number of times the number (called the base, which is a factor – a part of a multiplication problem) has been repeatedly multiplied.


Example:
Find the prime factorization of both 15 and 24

Here are some important hints about whether a number is divisible by 2, 3, 5, and 10.  You should take some time to go over these, they certainly help with division problems as well as factoring.


Hints for 2:  Is the number even?  Does it end in 0, 2, 4, 6, or 8?



Example:
248


Hints for 3:  Add the digits.  Is the sum evenly divisible by 3?



Example:
123


Hints for 4:  Add the digits.  Are the last 2 digits divisible by 4?



Example:
516

Hints for 5:  Does the number end in 0 or 5?



Example:
205


Hints for 10:  Does the number end in 0?



Example:
350
NOW, back to the task we began to discuss on page 2, putting fractions in lowest terms.  First, I will discuss the Prime Factorization method.  I consider this the most important method, because it has more application in algebra than the other method.
Prime Factorization Method

Step 1:      Factor numerator and denominator into prime factors

Step 2:     Cancel all factors in common in both numerator and denominator.

Step 3:
     Rewrite the fraction.



Example:
Reduce  12/24  to its lowest terms.





Step 1:   12  =     2 ( 2 ( 3   .  





   24      2 ( 2 ( 2 ( 3





Step 2:  Cancel the 2 of the 2's and the 3's





Step 3:  Rewrite    1/2 .

Note:  Canceling is division and when you divide any number by itself the result is always one!  This can cause problems if we do not realize that we are dividing out the common factors leaving a one behind when all the factors in the numerator cancel!  The tendency then becomes to write a 0, but it is always 1!



Example:  Reduce  27/81  to its lowest terms.

Now the method discussed in your book, the greatest common factor (GCF) method.  First, you must know that the GCF of two numbers is the largest number that is a factor of both.  So if you find all the factors of the numerator and denominator (see above for finding all factors of a number) the GCF is the largest factor that is in both lists.  We will now put the same fractions as above (Prime Factorization Method) in lowest terms using the GCF method.

Greatest Common Factor Method

Step 1:  Find the GCF of numerator and denominator

Step 2:  Factor the numerator and denominator using GCF

Step 3:  Cancel the GCF from the denominator and numerator

Step 4:  Rewrite the fraction



Example:  Reduce  12/24  to its lowest terms.





Step 1:  12 – 1, 2, 3, 4, 6, 12






  24 – 1, 2, 3, 4, 6, 8, 12, 24







GCF = 12





Step 2:   12  =  12 ( 1 





   24      12 ( 2





Step 3:  Cancel the 12's





Step 4:  Rewrite    1 .







       2


Example:  Reduce  27/81  to its lowest terms using the GCF Method.

Of all the operations with fractions, multiplication is the easiest!  It is extremely straight forward.  Let’s review a few concepts that will make our task easier.
First, recall that a mixed number is a whole number added to a fraction, denoted simply by a whole number with a fraction written next to it.  These can be changed to an improper fraction –  a fraction in which the numerator is larger than the denominator (a fraction with numerator and denominator equal is still improper). A proper fraction also exists and it is a fraction in which the numerator is smaller than the denominator.  Let's quickly review how to change a mixed number to an improper fraction.

Mixed Number(Improper Fraction
Step 1:  Multiply the whole number by the denominator of the fraction

Step 2:  Add  the numerator of the fraction to the product in step1

Step 3:  Put sum over the original denominator


Example:
Convert 
1½ 
to an improper fraction.

Let's quickly review writing an improper fraction as a mixed number.  We just finished our discussion of reducing (also called lowest term) and I believe that it is always easiest to convert to a mixed number when the improper fraction is in its lowest terms, but it is not necessary, therefore step one can become step three. 

Improper Fraction( Mixed Number
Step 1:  
Reduce the improper fraction to its lowest terms

Step 2:  
Divide the denominator into the numerator

Step 3:  
Write the whole number and put the remainder over the denominator.


Example:
Change to a mixed number
27/4
Now let's do some multiplication.

Multiplying Fractions or Mixed Numbers
Step 1:  Convert any mixed numbers to improper fractions.

Step 2:  Multiply the numerators (tops)
Step 3:  Multiply the denominators (bottoms)
Step 4:  Simplify by writing as a mixed number and/or reducing


Example:
Multiply


a)
21/25 (  5/7
Note:  You may also use principles of canceling and therefore eliminate the need for reducing.  Because the original numerators are the factors of the resulting numerator and the same for the denominators the principles of converting to lowest terms by method of GCF or prime factorization apply!


b)
3/4 (  1 1/4
Note:  The denominators multiply even though they are the same!  This does not seem difficult until after we cover addition, but try to keep it in mind!!!

Before we discuss dividing fractions we must define a reciprocal.  A reciprocal can be defined as flipping the fraction over, which means making the denominator the numerator and the numerator the denominator.  Another way that I frequently speak of taking a reciprocal is saying to invert it.  The true definition of a reciprocal, however, is the number that when multiplied by the number at hand will yield the multiplicative identity element, one.  The reciprocal can also be called the multiplicative inverse.

Dividing Fractions

Step 1:
   Convert all mixed numbers to improper fractions

Step 2:
Take the reciprocal the divisor (that is the second number that you're dividing by)

Step 3:
   Multiply the inverted divisor by the dividend (the number that you are dividing into, 


the first number)

Step 4:    Simplify the answer if necessary by reducing and/or changing to a mixed 

   number.


Example:  
Divide.



a)
 5/8   (   2/3 



b)
5/8   (   3/4 




c)
5/8   (   3/5 


Note:  When canceling before multiplying, do not jump the gun!  Canceling can only be done when there is a multiplication problem!!!  In this problem, you can not cancel the 5's because it is division at this point, not multiplication!



d)
2 1/8   (   3/5 


Note:  Since division is multiplication by the reciprocal, dividing mixed numbers is no different from multiplying them!  We must always convert them to improper fractions before performing any operation on them.



e)
5  (  7/25



f)
1 5/8  (  26

Note:  When multiplying/dividing with a whole number don’t forget to put the number over one to make it a fraction.
In addition (subtraction) we have two cases to consider.  The first case is the easiest, when the denominators are alike, and the second requires using the LCD to add fractions with unlike denominators.  We will discuss the LCD shortly.

Adding (Subtracting) Fractions with Common Denominators

Step 1:  Add the numerators

Step 2:  Bring along the common denominator
Step 3:
Simplify if necessary by reducing and/or changing to a mixed number


Example:  Add.


a)
 4/5   +   3/5 




b)
3/8   +   1/8 


c)
13/18  +  13/18
Note:  The truly unfortunate thing about addition of fraction is that you can only simplify after the problem is complete, so you always have to keep your eyes open for an answer that is not in simplest form!
Along with adding/subtracting fractions we need to discuss adding/subtracting mixed numbers.  There are two approaches for doing this.  The first is to change both to improper fractions and follow the steps for adding fractions.  This method is fine for adding/subtracting fractions that have small whole numbers and/or small denominators, but it can get messy when those numbers get large.  The second method handles large numbers well, but can get tricky when subtracting a larger fraction from a smaller one. (If you want to know which fraction is the larger of two find their cross products and the larger indicates the larger fraction.  Cross products are the product of the denominator of one fraction and the numerator of the other, and are written next to the numerator factor's fraction.)
Adding/Subtracting Mixed Numbers using Improper Fractions
Step 1:     Convert to improper fractions

Step 2:

Find a least common denominator if necessary

Step 3:
Build the higher term if necessary (step 2 was taken)

Step 4:
Add/subtract numerators and place over LCD

Step 5:
Simplify by reducing and/or changing to a mixed number


Example:
Subtract
5 2/3   (  3 1/3
Adding/Subtracting Mixed Numbers using Mixed Numbers
Step 1:
Put in a vertical fashion.  First on  top & second on bottom.

Step 2:
Find a least common denominator if necessary

Step 3:
Build the higher term if necessary (step 2 was taken)
Step 4:
Add/subtract numerators of fraction portion and place over LCD

Note:  If the numerator of the top fraction is less than that of the bottom, you can't reverse the order of subtraction, you must borrow.
     Step 4a:     To borrow subtract one from the whole number (like when subtracting large 

         numbers) and add that whole to your fraction by making a fraction of the 

       LCD over the LCD.
Step 5:
Add whole numbers

Step 6:
Simplify by reducing and/or changing the fractional portion to a mixed number.

Note:  If you change the fractional portion to a mixed number you must further simplify the answer by adding the whole number and this mixed number.

     Step 6a:      Add the fractional part's mixed number and the whole number by adding 

         the wholes and rewrite as a mixed number.


Example:
Add

1 ¾  +  2 ¾

Example:
Subtract
306 15/100  (  125 58/100
Note:  I think that you could see how much more difficult this could become if we used the first approach with these large whole numbers and large denominators!
Now let's proceed to the discussion of necessary elements required to add/subtract two fractions with unlike denominators.  First we need to know how to build a higher term and then we need to know how to find a least common multiple (known as a least common denominator when applied to fractions).

To build a higher term you must know the Fundamental Principle/Theorem of Fractions.  Essentially this principle says that as long as you do the same thing (multiply or divide by the same number) to both the numerator and denominator you will get an equivalent fraction (fractions that have the same value; pictures drawn have exactly the same portion shaded, but the number of divisions is different).  


Example:

 1/4 


and


 2/8 


are equivalent fractions


Fundamental Principle/Theorem of Fractions



 a ( c   =   a 

or 

a ( c  =   a 




 b ( c
     b



b ( c
    b

Building the Higher Term (Creating Equivalent Fractions)

Step 1:     Decide or know what the new denominator is to be.

Step 2:  
Use division to decide what the "c" will be (as in the fundamental principle of 



fractions.)

Step 3:  

Multiply both the numerator and denominator by the "c"

Step 4:  
Rewrite the fraction.


Example:
Write 1/8 as an equivalent fraction with a denominator of 24  

Next we must discuss how to find a least common multiple (LCM).  The least common multiple is the smallest number for which 2 or more numbers are factors.  Another way of saying the same thing is to use the word multiple and say that the LCM is the smallest number which is a multiple of 2 or more numbers.  A multiple is a number created when you multiply a certain number by the natural numbers.  For instance, the multiples of 4 are 4, 8, 12, 16, …  We will use LCM’s to find the least common denominator (LCD) so that we can add fractions with unlike denominators.  A least common denominator is  the smallest number which is a multiple of all the denominators.

Prime Factorization Method to Find LCM (LCD)

Step 1:
Factor the numbers (denominators for LCD) using prime factorization

Step 2:
Take note of the unique factors in the factorizations

Step 3:
Create a LCM (LCD) by using each unique prime factor the number of times 


that it appears the most (largest exponent, variables included), for any one number 


(not the total number of times that it appears!)


Example:
Find the LCD and build the higher terms for 1/12 & 2/15
Note:  A negative is not considered to be a part of an LCD, they are only positive.


Example:
Find the LCD and build the higher terms for 2/3, 3/5 and 5/7
Note:  If they are all primes then the LCM is their product! 
Example:
Find the LCD and build the higher terms for 2/5, 7/25, 13/50
Note:  If the largest is a multiple of the smaller one(s) then the largest is the LCM 

Now that we know how to build a higher term and find an LCD we can put these two steps together in order to find an LCD, build the higher term using the LCD and finally add or subtract the fractions at hand.  Let's go over the steps for putting it all together.

Adding/Subtract Fractions with Unlike Denominators

Step 1:  
Find the LCD
Step 2:  
Build the higher term using LCD

Step 3:  
Add/Subtract the new fractions with common denominators.

Step 4:  
Simplify the fraction if possible by reducing and/or converting to a 



mixed number.


Example:  
Add/Subtract.  Don’t forget to simplify by reducing &/or changing 




to a mixed number if necessary.


a)
 2/5   (   1/3 




b)
21/48  +  3/56
What if we need to add or subtract mixed numbers or fractions from whole numbers?  Then we have two methods of accomplishing our task.  The first method is changing a mixed number into an improper fraction.  We already discussed how to change a mixed number into an improper fraction in our discussion of multiplication.

Example:  11/5  +  23/5 


The second method is to add or subtract the whole numbers, and then to add or subtract the numerators of the fractions (provided that they are common denominators – if they aren’t then they need to be made into equivalent fractions with the LCD).  There are two problems that are likely to arise in using this method.  The first is that the fractions when added will be more than one whole, in which case we will need to recall that a mixed number such as 11/4  means 1  +   1/4  and therefore we can convert the improper fraction to a mixed number and add it to the whole number.


Example:  
Add and notice what happens with the fractional portion:







13/4   +  51/4 


The other case is if the fraction we are subtracting from is smaller than the fraction being subtracted.  In this case we must borrow.

Example:  
Subtract and notice what happens in trying to subtract the fractions




(Remember subtraction is not commutative so you can’t subtract 3 from 2 and 



get 1 and we don’t want to get a negative one either!)







52/5   (  23/5 


What about whole numbers?  Let’s take a look at an example:

Example:
Add/Subtract


a)
7  +  1/10


b)
4  –  1/5
Your Turn:

a)
1 3/4   +   3 2/3 



b)
9 2/15  (  2 13/25

c)
248  –  28 2/3



d)
248  +  28 2/3
We can also apply our working knowledge of fractions to the real world and to interpretation of a special kind of graph called a Pie Chart.  First, we should discuss some common sense approaches to application problems.  What I mean is that we should not read an application problem (Yes, I am talking about the dreaded word problem) and automatically say I can't.  You don't know until you've tried with an open mind!  The first key is translation from English to math.  Just with anything in life you must ask yourself what is being expected of you; mastering a few simple phrasings and using common sense in relation to wording can accomplish this.  Here is a simple process for working word problems:

Solving Word Problems
Step 1:

Read the problem carefully before doing anything.  Understand 



what the question is that needs to be answered.

*Step 2:
Write down in shorthand all information given and needed.  



(*This is a step that I must see on paper or points are 



deducted.)
*Step 3:
Decide how the information given, can be used to obtain the 



information needed (this is actually part of what you need to do in step 1 to 



understand the problem, but it comes in written form here).  Write down an 



equation using shorthand notation and symbols that will be used 



to find the information needed.

*Step 4:
Plug given information (usually numbers at this time) into the equation 



in step 3.

*Step 5:
Solve the equation (at this time it will be a simple computation).

*Step 6:
Find the answer to the problem (most times this will be the same as step 5).  



Give the answer using correct labels.

Step 7:

Check your answer, making sure that your answer makes sense.

Some helpful hints in deciding the operation being done to arrive at the answer (the operation in the formula) are as follows:


Addition – 
More than, altogether, somehow you are combining things to see a 

total, perimeter (the distance around an object)

Subtraction – Less or smaller than, taking away from, how many are left, a total 

prior to (before) something happening that increased the amount, 

decreasing, difference


Multiplication – Repeated addition, number of times some amount, number of a 

single serving or single type (key word being of)


Division – 
Parts of, Subdividing into sections, pieces or parts, Equal parts

Example:
If I have a recipe that calls for 2 ½ cups of flour and I want to double the 
recipe (make 2 times the number of servings), how many cups of flour should I use?

Example:
The three sides of a triangle measure as follows.  Side 1 is 2 1/8 feet, side 2 
is 3 5/8 feet, and side 3 is 7 5/12 feet.  Find the perimeter of the triangle.

Example:
If I have a string that is 25 ¾ inches long and I need it to be divided into 4 
equal pieces, how long will each piece be?

Example:
At the end of the day I have more garbage than I started with.  My can is 
marked off in fractional increments to one.  It is at ¾ at the end of the day 
and it has increased by 3/8.  At what fractional increment did it begin the 
day?

Example:
At the end of the day my garbage can is at the ¾ mark and at the 
beginning of the day it was at 1/8, what was the diference between these 
two measurements?

R1 Rounding & Order of Operations

Objectives
· Rounding Numbers

· Order of Operations

· Include Fractions

Rounding a number helps us to understand and remember numbers more easily.  It can also be used in application to estimate total cost or differences etc.  For example, is it sometimes more useful to tell someone an approximate answer than an exact answer.  You probably do this all the time when you go grocery shopping and only have a certain amount of money that you can spend.  As you pick up items you probably round them to the nearest dollar (keeping only the largest digit) and add the cost of your groceries as you are shopping.  This creates a very rough estimation of your grocery bill.
Let’s practice the process of rounding and then apply it by using it to estimate.

Rounding

Step 1:  Locate the digit you wish to round.

Step 2:  If the digit to its right (let’s call this an indicator digit) is 



4 or smaller ( digit stays the same & all digits to right become zero



5 or larger ( digit goes up 1 & all digits to right become zero

Example:




Example:  

Round 752 to the nearest 10


Round 2,529 to the nearest 1,000

Example:




Example:

Round 187,934,002 to the nearest ten million
Round 6,051,287 to the nearest million

There is a special case in rounding which results in a process that I call rounding through.  When the digit that you are rounding is a 9, and the indicator digit (the one to the right of the digit you are rounding) is a 5 or larger, the nine must go up to a 10, but we can’t put a 10 into a single digit, so we must round through, which means we put the zero from the ten in our place value and carry the one from the 10 into the next place value to the left, which makes that place value one larger.

Example:
a)
Round 99,981 to the nearest 100


b) 
Round 99,981 to the nearest 1,000



c)
Round 99,981 to the nearest 10,000

Now, let’s practice the skill of rounding so that there is only one non-zero digit, in preparation for later estimation, such as the grocery store example.

Example:
Round each of the following so there is only one non-zero digit.


a)
16,539,100

b)
2,529


c)
99,981


We may need to round decimals as well.  The process is the same, but you need to recall the place values to the right of the decimal start with the tenths place and then go up by multiples of 10.  Our number system is set up in base 10, therefore to travel from right to left we multiply by 10 to get the next place value and to travel from left to right we divide by 10 – this makes the value to the right of the one’s place 1/10 or one tenth, hence the place value’s name.  This means that the second place value is the hundredths and the third the thousandths, and so on.  There is no oneths!  The place values all have the “ths” on the end!  


Example:
Round the following as indicated.


a)
To the nearest tenth


b)
To the nearest thousandth




25.78





19,502.372


c)
To the nearest millionth

d)
To the nearest ten-thousandth



1,259,439.78939923




83,927.5902720
We may need to use our rounding skill in some real life problems.  Here is a summary of some considerations when deciding to round a number for real world problems.  


1.
How precise does an answer need to be?



a.  You work for a carpenter, he asks for a measurement, can you round it to the nearest 
      inch? Half inch? Quarter inch? Eighth inch?  Sixteenth inch?



b.  You go shopping for a Plasma TV, a Stereo Receiver, DVD/CD Player and Speakers, 
     do you need to estimate your cost to the nearest cent?  Dollar?  Hundred-dollars?


2.
How accurately can the amounts be measured?



a.  In the carpenter example, could you measure to the nearest 1000th of an inch?

b.  In doing surveys or polls, the average number of people that did or said or felt or had 
     some measured thing are given to the nearest person, because that is as accurate of a 
     measurement that is allowed for counts of things.


3.
Are others depending on your work or are lives at stake?



a.  Back to the carpenter example; if you didn’t round to the nearest quarter inch at least, 
 

     the carpenter could build the cabinets incorrectly and his clients would be angry.

b.  You are a nurse and you need to give a certain dosage of a medicine dependent upon 
      the patients weight and you have a ratio formula to determine the dosage – even an 
      error of ½ mL could be harmful.


Example:
It costs farmer Bill $278.15 to fee his 7 pigs for a month.  How 

much does it cost to feed 1 pig for a month?


Example:
To stain the deck we must use a stain that will cover 45 square feet  

per gallon.  The deck’s area is 135 square feet.  How many gallons 

will we need to buy to cover the deck? 

When many operators (addition, subtraction, multiplication & division) are used in a single mathematical expression it can become confusing as to which one to do first.  We solve this by using order of operations and grouping symbols.  Grouping symbols such as brackets [ ], braces {}, and parentheses ( ) help us to tell others what we wish them to do first, which leads directly into the order of operations – the order in which operations are done when in an expression together.


Order of Operations

Parentheses, Brackets or Braces


Exponents


Multiplication and Division in order from left to right


Addition and Subtraction in order from left to right

A trick for reminding yourself which operations in what order is the following:  Please Elect My Dear Aunt Sally or simply PEMDAS.


Example:
Use strict order of operations to simplify the following.  If a 



problem has an answer that is a fraction, make sure to simplify it 



completely by reducing &/or changing to a mixed number.   
a)
7  +  22  (  2



b)
5 ( (1  +  9)  (  21


c)  
32[3  + 3(22)]  (  5


d)
    4  (  7/3  +  1   










  2/3 ( 1/2  +  (1/3)2
Your Turn:

a)
6 ( 3  + 2(10  (  5


b)
4  (  9/3  +  1


c)
11  +  32  +  6(8   (  2)    

d)
  ( 6  –  2 )   +  3  



       2  +  3  (  4



      8  +  2 • 5

R3 Decimals and Percents
A percent is a part of a hundred.

There are 3 equivalent forms – a fraction, a decimal and a percent.  


Example:  
75%  =   75   =   3   =  0.75  



                  
  100       4

All these are called equivalent forms, because they indicate the same thing

Let’s start with a quick review of fraction to decimal and decimal to fraction conversions.

The following list is a good one to have memorized – you won’t be sorry!  However, except in the cases of repeating, non-terminating decimals, you will always be able to get back make every conversion using your math skills.

	Fraction
	Decimal

	½
	0.5

	1/3
	0.333(

	2/3
	0.666(

	¼
	0.25

	¾
	0.75

	1/5
	0.2

	2/5
	0.4

	3/5
	0.6

	4/5
	0.8

	1/6
	0.1666(

	5/6
	0.8333(

	1/8
	0.125

	3/8
	0.375

	5/8
	0.625

	7/8
	0.875

	1/9
	0.111(

	2/9
	0.222(

	4/9
	0.444(

	5/9
	0.555(

	7/9
	0.777(

	8/9
	0.888(


Converting Fractions to Decimals

Converting a fraction to a decimal is quite simple.  It involves knowing that a fraction is a division problem where the numerator is divided by the denominator.  We must also know some simple facts about division and decimals:


Fact 1:  There is always a decimal after the whole number


Fact 2:  We can keep putting zeros at the right of the decimal and continue to 



  divide as long as needed


Fact 3:  There are 3 types of decimals – terminating, non-terminating repeating, 



  and non-terminating, non-repeating (an irrational number that can’t be achieved 



  from a fraction)


Fact 4:  We can round a decimal just as we can a whole number


Fact 5:  Repeating decimals can be shown to repeat using a bar over the repeating 



  pattern

Fact 6:  Non-terminating, repeating decimals are best left as fractions, but if 



  they must be converted to a decimal they must be rounded for operations

Each of the facts above come up when converting fractions to decimals and we will show them by example.

Converting a Fraction to a Decimal

Step 1:  Divide the numerator by the denominator (the numerator goes under the division 


  symbol)
Step 2:  Place a decimal after the dividend (the numerator) and add a few zeros

Step 3:  Bring the decimal up into the quotient (that is the answer to a division problem)
Step 4:  Divide as normal, ignoring the decimal

Step 5:  a)  Answer terminates, no problem


 b)  Answer is a repeating decimal, use bar over repeat pattern to indicate repeat


 c)  Answer appears to be  non-repeating and non-terminating (it isn’t, you just 


       haven’t seen the pattern yet) decide an appropriate place to round

Example:
Change to a decimal


a)
3/5




b)
2/3

c)
 2/7 to a decimal and round to the thousandths place
Note:  It appears that these do not repeat, but with the use of a calculator you would see that there is a pattern that actually does repeat.

Your Turn:


Example:
Change  to a decimal


a)
5/8




b)
2/9  


c)
5/13 to a decimal and round to the hundredths place

Writing a Decimal as a Fraction
Step 1:
  Count the number of places to the right of the decimal

Step 2:
  Use decimal number, without regards to the decimal, as the numerator 

Step 3:
  Make the denominator the factor of 10 that has the same number of zeros 

  counted in step 1.


Example:
Convert the decimals to a fraction 


a)  0.39





b)  0.00358

c)  1.085002

Note:  The one doesn’t have to do anything but come along for the ride.  Just put one and then deal with converting the decimal portion to a fraction.
Now that we have review changing between two of the equivalent form, we will discuss how to convert amongst all equivalent forms.

Decimal to a Percentage (  Move the decimal two places to the right 

(since we must “undo” the part of 100 to make it into a decimal again)

Percentage to a Decimal (  Move the decimal two places to the left

(since we must make it into parts of 100 to make it into a decimal again)

Fraction to a Percentage (  Convert to a decimal and then to a percentage.  If 

you are really lucky you might have a fraction that 

has a denominator that is a factor of 100 in which 

case you can simply build the higher term.

Percentage to a Fraction (  Write as a part of 100 and reduce as necessary

Example:
There are 53 people with cancer in a recent survey of 100 people.  

What is the percentage of people with cancer?


Example:  
Express 25 %  as a decimal


Example:
Express 2/7 as a percentage


Example:
Express 0.982 as a percentage


Example:
Convert 5 1/3 % to a decimal


Example:
Convert  1/9 to a percentage

Example:
Convert 23/50 to a decimal

Note:  This is an alternate method of changing a fraction to a decimal, since it is easier to build the higher term than it is to divide.


Example:
Complete the following table .  Make sure all fractions are in 

reduced form and that you have shown all work.

	Percent
	Decimal
	Fraction

	
	
	1/3

	
	0.6666(
	

	52 ½ %
	
	

	
	
	4 4/5


Note:  This is usually the form that such questions will take on an exam, so that I can see if you have the basics.

Now let’s quickly run through all the operations with decimals.

Adding/Subtracting Decimals

Step 1:  Place decimals in a column, being careful to line up the decimals (i.e. the place 

  values)
Step 2:  Fill in with zeros where necessary

Step 3:  Add/Subtract as necessary, being sure to bring down the decimal in the 

  appropriate place


Example:
Add/Subtract


a)
1.902  +  37.2



b)  
13.7  



   




         (  2.079

Multiplying Decimals

Step 1:  Multiply as usual, ignoring the decimal

Step 2:  Count total number of decimal places in factors (count from right to decimal, in each 

  factor)
Step 3:  Count from right in product to the left the number of place in step 2 and place 

  decimal


Example:
Multiply

a)
1.2(1.2)



b)
15.1  x  0.02

c) 2310.9  x  0.13

Now, division requires 2 different explanations:

Division by a Whole Number

Step 1:  If the dividend is a whole number place a decimal and add zeros appropriately

Step 2:  Divide as normal, bringing decimal up into quotient at appropriate place

Step 3:  a)  Answer terminates, no problem


  b)  Answer is a repeating decimal, use bar over repeat pattern to indicate repeat


  c)  Answer appears to be  non-repeating and non-terminating (it isn’t, you just 


        haven’t seen the pattern yet) decide an appropriate place to round

Example:
Divide

a)
27  (  9



b)
12 ( 27


c)
45/7




d)
29.5  (  4


d)
11 ( 12.1011

Dividing when the divisor contains a decimal requires an extra step.  We must first remove the decimal from the divisor before we can divide.  To do this we move the decimal the same number of places to the right in the dividend as we did in the divisor.  This removes the divisor’s decimal.

Dividing by a Decimal

Step 1:  Remove the decimal from the divisor by moving the decimal the same number of 

  places in the dividend as in the divisor

Step 2:  Divide as before, don’t forget to bring the decimal up into the quotient

Step 3:  a)  Answer terminates, no problem


  b)  Answer is a repeating decimal, use bar over repeat pattern to indicate repeat


  c)  Answer appears to be  non-repeating and non-terminating (it isn’t, you just 


        haven’t seen the pattern yet) decide an appropriate place to round

Example:
Divide

a)
24  (  1.2




b)
2.45  (  0.2

c)
0.003 ( 9.26


Example:
Divide and round to the nearest tenth





27.19  (  1.9

Percentage Problems

We will be seeing percentage problems in word problems.  The following will be the forms that we will be seeing and their corresponding algebraic equation.

	Forms
	Algebra Equation

	Percent of a number is what
	 (%)(number) = x

	What percent of a number is the total
	 (x%)(number) = total

	Percent of what is the total
	 (%)(x) = total


It will help to do your problems in the following manner in order to later use them as part of a word problem.  You may use the is over of method if you wish and set up a ratio, but I find that more cumbersome and I don’t wish to discuss it now (especially since we haven’t yet discussed ratios and won’t until chapter 7).

	Rewrite all problems into this form
	Make Algebraic Equation

	------% of -----(whole) is --------(part)
	Percent Missing      72x  =  36

Note: x will be a decimal, convert to %

	
	Whole Missing        0.5x  =  36

Note:  Change percent to a decimal to solve

	
	Part Missing           0.5(72)  =  x

Note:  Change percent to a decimal to solve


Example:  35% of 18 is what?

Example:  16% of 10 is what?


Example:  _____% of 10 is 6?


Example:  17% of _______  is 12?


Example:  81% of _______ is 62?

The key to doing word problems with percentages is to remember the form and to put each problem in that form!  % * whole = part

Example:
Tax is 8 ¼ % in some areas of California.  What amount of tax will 

be paid on an item that costs $12.96?


Example:
The price on the item was $7.25, but I had to pay $7.85 for the 

item.  What was the tax?  (round to the nearest 100th of a percent if needed)


Example:
Tom and Huck spent 18% of the time that they told Tom's aunt it 

took them to white wash the fence fishing.  If they spent 7 hours 

fishing, how long, to the nearest hour, did they tell Aunty that it 

took them to paint the fence?

Percent Increase/Decrease Problems

Percent increase or decrease problems always involve the original price.  They are usually 2 step problems.

Step 1:     If you know the increase or decrease from the original price(old price) 

    you need not do anything.  If you don’t, start by subtracting:  

New  –  Original.  

     If the number is positive it was an increase and if it is negative then it was a decrease.


Step 2:
     Calculate the % increase/decrease by doing the following:



% of old = increase/decrease

Example: Hallahan’s Construction Company increased their estimate 
      for building a new house from $95,500 to $110,000.  Find 

      the percent increase.

§1.1 Symbols and Notation

We will be discussing two things in Algebra – expressions and equations.  Expressions can be mathematical (numbers only) or algebraic (involving variables).  We will discuss algebraic expressions in more detail later. All expressions involve operators.  The operators in mathematics are +, –, x and ÷.  The operators of addition and subtraction are most often seen in expressions, but occasionally we will see multiplication and division hidden away inside an expression.  Equations are the equality of expressions.  The only thing that we need to be cautious of is when an equal sign is being used as a way of indicating that we want to simplify an expression to “get an answer”, and when it is setting up the equality of two expressions.  If nothing follows an equal sign it is asking for an answer, not showing an equation.


Example:
25  ÷  5  =

This is looking for an answer; expression




25  ÷  5  =  2x

This is setting up an equality of expressions; equation

Most numbers that we discuss in our every day lives come from the set of numbers called the real numbers.  This is the largest set that we usually encounter in our study of mathematics until the end of an algebra course.  Let’s discuss a set first, and then move on to different sets of numbers that we talk about in Algebra.

Sets are collections of objects.  In mathematics we deal with many sets of numbers.  One method of showing a set, called roster form, lists the set within braces, in the following way

{object1, object2, object3, …}

The ellipsis (…) indicates that a set continues on in the manner indicated infinitely.

Another method of listing sets is called set builder notation.  In this method a set is described using braces, a variable, a straight line “ | ” (meaning such that) and then a description of the set.  This method will be demonstrated shortly.

Real Numbers (()
All numbers that can be represented on a number line.  This set is made up in total by two smaller subsets (a set contained within another set) – the rational and irrational numbers.
A number line is a continuing line that represents the real numbers.  At the center is zero, moving to the left from zero are the negative numbers (getting smaller and smaller) and moving to the right from zero are the positive numbers (getting larger and larger).  This is known as the order property of the real numbers. 



The other five sets of numbers (your book will wait until §1.2 to discuss all but the rational and irrational numbers) that I want to discuss at this time are the subsets of the real numbers:

Natural Numbers/Counting Numbers (C)


{ 1 , 2 , 3 , 4 , 5 , … }  The counting numbers exclude zero


Note:  These can also be called the positive numbers and can be 




written { + 1 , + 2 , . . . } but the positive sign is assumed 




and need not be written unless it is unclear what we mean.

Whole Numbers (W)


{ 0 , 1 , 2 , 3 , 4 , . . . }  The natural/counting numbers with zero

Example: 
{x | x ( C or 0}
 is a way to describe the Whole Numbers 







that uses the Natural Number and







demonstrates set builder notation.

Note: This notation describes a set using symbols such as “|” (see above), “(” (meaning is an element of) to describe the characteristics of the set.  This notatition will also use other sets of numbers in the description.  If no setof numbers are specified, it is assumed that the numbers come from the real numbers.

Integers (I)


{ . . . , - 3 , - 2 , - 1 , 0 , 1 , 2 , 3 , . . . }  All positive whole numbers, their 








  opposites and zero

Rational Numbers (Q)
This set is best described using set builder notation. 



{x | x ( p/q , p,q ( I, q ( 0}
All numbers that can be represented as the 







quotient of integers


Example:   2/3, 5, 0, - 1/2, 0.33333

Irrational Numbers (P)
All numbers that can't be represented as the quotient of integers, i.e. numbers that when represented in decimal form are non-terminating, non-repeating decimals


{x | x ( p/q , p,q ( I, q ( 0}


Example: (2 
(read the square root of 2)

Note:   A radical “undoes” an exponent – it looks for the base when the exponent is the index.  In the case of a square root, the index is 2 (it is unwritten, if it were it would be above and to the left of the radical), so we are looking for the number that when raised to the second power will give us 2 (two is the radicand, the thing under the radical)  We can only find the exact root (answer to a radical expression) when the radicand is a perfect square.  All other times a radical yields an irrational number.

Example:  (
(this is the symbol that represents pi, approximately 3.14) 

The next discussion is the opposite or additive inverse.  The opposite is defined as the coordinate located the same distance on the opposite side of zero.  The additive inverse is defined as the number that when added to the number at hand produces the identity element of addition (zero), but that is what the opposite does.  In symbols we can say that a number's additive inverse is its negative or opposite: 

 


n's additive inverse is -n  





and 



-n's additive inverse is -(-n) which is n  


Example:
What is the opposite of 2?


Example:
What is the additive inverse of -2x?


Example:
What would I add to  2/5  to produce zero?


Example:
Does 0 have an opposite?


Example:
Simplify

- ( - ( - 2 ))

We can talk about the set of numbers called the integers in terms of opposites. These opposites when combined with subtraction and then with multiplication can become confusing.  It is really important that we be able to tell when we are looking at addition/subtraction vs multplication or addition.


Example:
Write an A for addition/subtraction  and P for multiplication.


a)
16  –  -5



b)
16 (-5)
Recall that an exponent represents repeated multiplication.  The exponent, the little number that is written above and to the right of the base, tells us how many times to use the base as a factor.  The base, the main number, can be any real number.  Using a number as a factor means multiplying it by itself.  




Base ( 5 2 (Exponent 

There are some special names for exponents 2 and 3.  The exponent 2 is called the  square and 3 is called the cube.  There are also several ways to refer to an exponent – we can say "to the (exponent's) power" or "to the power of (exponent)"

Not only can the base be a whole number but it can also be a fraction, a decimal, an expression, etc.  Let's try two examples using fractions and decimals.


Example:
a)
(3/5)2



b)
(0.08)2
I would highly recommend that you memorize the perfect squares for quickly squaring simple numbers and for future reference.

12=1, 22=4, 32=9, 42=16, 52=25, 62=36, 72=49, 82=64, 92=81, 102=100, 112=121, 122=144, 132=169, 142=196, 152=225, 252=625.

The following perfect cubes may also be helpful:
13=1, 23=8, 33=27, 43=64, & 53=125

We may wish to make a statement about the relationship of two or more numbers pictured on a number line.  We call such a statement a mathematical statement.  Mathematical statements may or may not be true, but we will always use the following symbols to make a mathematical statement.

Inequality Symbols
( 
Does Not Equal

<
Strictly Less Than

>
Strictly Greater Than

(
Less Than or Equal To

(
Greater Than or Equal To

Some helpful hints in reading the greater than and less than symbols:


The arrow points to the smaller number.


Put teeth in the mouth and the smaller eats the larger (you may have learned this as a 


child, and therefore I pose this here to jog a memory!()

We have both strictly less than and less than or equal to, and both can be used to refer to the same case, but the less than or equal to can also indicate equality.  The less than or equal to refers to a case in which either the strict inequality or the equality holds true.  For a case where we would compare 7 and 15, either the < or ( will work.  We see the usefulness of the ( and ( later when we come to solution sets of linear inequalities.


Example:
Compare the following using <, > or =



a)
-10  
     -100

b)
18/3

24/3




c)
5.2
     5.1


d)
-3.25

-3.2


e)
2/5

4/7

f)
-2/5

-4/7

g)
-(-2)  

-2

h)
32/5

6/5 + 1/3



h)
23

(2  –  1)3
Lastly, we need to discuss evaluation.  An algebraic expression can be evaluated.  This means that given specific values for the variables, we can give a numeric answer to the expression.  An algebraic expression does not have a solution.

Steps for Evaluating an Algebraic Expression
Step 1:

Place parentheses wherever you see a variable.  Be careful to place 



exponents just to the right of the parentheses for any variable that is raised 



to a power.

Step 2:

Carefully place the value of each variable in the appropriate parentheses.

Step 3:

Evaluate the resulting mathematical expression using order of operations.

Example:  Evaluate  3x2 +  5y  (  z   given x=2  y=1 and z=3


Example:  Evaluate  2c  +  15   given  c=3  and k=7



   




    k


Example:  Evaluate  2 ( z  + 5 )  (   4/z   +  k2    given z = 2 and k = 5

§1.2 Properties of Real Numbers, Order of Operations

Objectives

· Subsets of Reals

· Integers (I)

· Whole Numbers (W)

· Natural/Counting Numbers (C)

· Irrational Numbers (P)

· Rational Numbers (Q)

· Properties of Reals

· Associative

· Commutative

· Identity

· Inverse

· Distributive

· Zero

· Review of Order of Op

· With Fractions

· With Decimals

· With Combinations

· Answer is Zero & Undefined

I have already discussed the subsets of the real numbers, so I will not cover that again.  We will do an example like the exercises that you will be doing in your homework.


Example:
Classify each number in the following set using as many 




of the applicable sets as necessary.

{-6, -(8, 0, (, (9, 16}


Example:
Answer true or false to each statement.  If it is false correct it.
a) All real numbers are rational numbers.

b) Every whole number is an integer.

c) Every non-repeating, non-terminating decimal is a rational number.

Commutative Properties
This special property states that no matter in which order you add or multiply two numbers the sum or product is still the same. 


a  +  b  =  b  +  a

Commutative Property of Addition


a  (  b  =  b  (  a

Commutative Property of Multiplication


Example:    All of the following show the commutative properties


a)
15  +  7  =  7  +  15

b)
x  +  7  =  7  +  x


c)
7(8)  =  8(7)


d)
8x  =  x8
Associative Properties  

This property tells us that we can group numbers together in any way and add or multiply them and still get the same answer.  You learned this property when you learned to add columns of numbers and found that it was easier to group numbers together and then add the groups' sums.  Or when you learned that the multiplication table was symmetric. 


( a  (   b)  (  c  =  a  (  ( b  (  c )

Associative Prop. of Mult.


(a  +  b)  +  c  =  a  +  (b  +  c)


Associative Prop. of Add.


Example:   
a)
5 + 4 + 7 + 3  =  ( 5 + 4 )  +  ( 7 + 3 )




b)
6x + ( x + 8 )  =  ( 6x + x ) + 8




c)
(x  +  7)  +  3  =   x  +  (7   +  3)




d)
8 • (7n)  =  (8 • 7)n




e)
2 • 3 • 6n  =  (2•3•6)n

One very nice thing about the associative property of addition is that we can use it to add terms (any number, variable(s) or a variable(s) multiplied by a number) that are alike, like terms (terms that have the exact same variable or variables).  We can also use the associative property of multiplication to group numeric coefficients together to create a single number (called a numeric coefficient of a variable term).  

Note:  You might recall that when a number is written next to a variable it indicates multiplication.
Identity Elements (Properties)
The identity element is the thing that gives the number itself back.  They should not be confused with the Inverse properties, which yield the Identity Elements.



a  (  1  =  a

Multiplication's Identity Element is 1



a  +  0  =  a

Addition's Identity Element is 0

The multiplication identity element allows us to reduce and build higher terms. In the next chapter these two identity elements will form the foundation for solving algebraic equations.  Don’t confuse the identity elements with the inverse property that follows.

Inverse Properties
The inverse properties are very useful properties that allow us to solve equations.  Neither your book nor I will cover this feature directly at this time, but when we cover solving equations you will see why both the identity element and inverse properties are necessary.



a  +  (-a)  =  0

Inverse Property of Addition



a ( 1/a  =  1

Inverse Property of Multiplication

Distributive Property
Unlike addition, multiplication has another property called the distributive property.  The distributive property only works with multiplication and goes as follows:  multiplication distributes over addition:





a ( b + c ) = a ( b )  +  a ( c )


Example:  
Simplify each of the following using the distributive 




property



a)
4 ( 3 + 2 )



b)
  x ( 3 + 5 )

Note:  Do not become confused by these two simple examples.  They are meant to give you a warm fuzzy about using the distributive property.  The distributive property should not replace order of operations if you have all numbers!


c)
2 ( 2x + 3 )



 d)
5 ( x + y + 5z )

The basic properties discussed in this section rarely, if ever, come up by themselves, although you can expect to see one problem of the following type on any first test in my classes. The importance of these properties is how they help us to solve algebra problems.


Example:
Match each example with the property that it best 




represents by writing the corresponding letter next to it.

_____
5(t  +  x)  =  5t  + 5x

a.     Identity Element of Mult.

_____
- 6  +  6  =  0


b.     Associative Property of Mult.

_____
5  +  8  =  8  +  5

c.     Commutative Prop. of Mult. 

_____
(2 ( 3) ( 5  =  2 ( (3 ( 5)
d.     Additive Inverse

_____
1/7  (  7  =  1


e.     Multiplicative Inverse

_____  -1/5  (  3/3  =  -3/15

f.     Distributive Property

_____  (-9 + 5) + 1 = -9 + (5 + 1)
g.     Commutative Prop. of Addition

_____  3 ( (4 ( 2)  =  (4 ( 2) ( 3
h.     Associative Prop. of Addition

Now, we’ll discuss the properties of zero.

At this time I would like to remind you: the product of zero and anything is zero,division of a non-zero real number by zero is undefined and zero divided by any non-zero real number is zero.

Multiplication by Zero – ZERO

a(0)  =  0

Division by Zero – UNDEFINED

  a    =  undefined
since no number, when multiplied by zero yields a

  0

Zero Divided by Anything – ZERO 

  0    =  0

since  a(0)  =  0  [mult. prop. of zero]


  a

Note:
Division of zero by zero result in an indeterminant answer.

Now, with these reminders, let’s review order of operations.  With these will come problems that show division by zero versus zero divided by some number.  First, recall:


Order of Operations

Parentheses, Brackets or Braces


Exponents


Multiplication and Division in order from left to right

Addition and Subtraction in order from left to right
A trick for reminding yourself which operations in what order is the following:  Please Elect My Dear Aunt Sally or simply PEMDAS  (you must always remember that the MD and AS is left to right order not strictly multiply then divide, or add then subtract)

Example:
Simplify.  (This means, using only strict Order of Operations (no distributive 




property), and without the use of a calculator, get a single numeric answer.  




Show your work in each step.)

a)
7  +  22  (  2



b)
1  +  9(5 ( 21


c)
6 ( 3  + 2(10  (  5


d)
4  (  9/3  +  1


e)
11  +  32  +  6(8   (  2)    

f)
  ( 6  –  2 )   +  3  



       2  +  3  (  4



      8  +  2 • 5


g)
  4  (  3  +  8    


h)
11  +  32  +  6(8   (  2)  


     2  (  2




          2  +  3  (  4


i)
             2  (  6  (  4  +  (49             




  34  (  5(8  (  2)  (  6  +  (7  (  3)2
j)
4  (  0.4  +  0.1  (  5  (  0.12

k)
4.2  (  5.7  +  0.7  (  3.5

l)
7/8  (  0.96  (  0.76  (  ¾ 

m)
5/6  (  0.0765  +  5/4  (  0.1124


n)
3 1/3  +  7/24  ÷  5 1/4


o)
51 1/4  ​–  15 1/4  •  2 2/3
§1.3 Addition and Subtraction of Real Numbers
Outline

Absolute Values

Adding Real Numbers

· On a number line

· Rules

Subtraction

· Redefine as addition

· Minuend, Subtrahend, Difference

Practice Adding/Subtracting Real Numbers

· PEMDAS

· With Absolute Values

Word Problems

· Temperature/Height Differences

· Checkbook problems

· Golf Score Averages

Before we start this section we need to talk about the absolute value.

When talking about the number line, there are two properties that come about, the absolute value and the opposite.  These two properties are very similar and can become confused, but if you learn their definitions you should never have a problem!!  We’ve already discussed the opposite.

The absolute value of a number is defined as the number of units a coordinate is located away from zero on the number line.  Absolute value does not take into account whether a number is positive or negative – it is strictly the number without its sign!  We indicate absolute value in the following way




| number |
The absolute value of number

Example:
Simplify

a)
| 7 |



b)
| -3 |

One way that you can add real numbers is using a number line.  This is a very helpful visual tool for learning how positive and negative numbers are added.  Recall the order property of the number line – recall that if we have a negative number we are traveling in the negative direction on the number line (left) and we have a positive number we are traveling in a positive direction on the number line.



Adding on the Number Line

Step 1:  Start at the first addend
Step 2:  Move the appropriate number of units in the positive or negative direction as 


  indicated by the 2nd addend


Example:  Add each of the following using a number line


a)
7  +  (-3)




b)
-3  +  (-4)




c)
-10  +  4


The other alternative has some rules to remember:

Adding Integers


If the signs are the same


Step 1:  Add the absolute values



Step 2:  Keep the common sign


If the signs are different


Step 1:  Subtract the absolute values:  larger  –  smaller



Step 2:  Keep the sign of the larger


Example:
Use the rules for adding integers to add the following


a)
5  +  8




b)
3  +  (-2)


c)
-5  +  -2



d)
-2  +  1


e)
-7/16  +  ¼



f)
-9.6  +  (-3.5)


g)
-15 ½   +  (-42 ¼ )


h)
-80.5  +  15

i)
-9  +  10  +  (-7)


j)
[-7  +  (-8)]  +  [7  +  (-3)]

Note:  Given this problem without the brackets I would choose to add all the negative numbers first, because that is a simple addition problem that yields a negative number and then I would add the positive number to that result.  Try it and see if you get the same answer as we just got!

The first key to subtracting two real numbers is seeing subtraction problems as addition problems.  This is crucial in subtracting integers and does not conflict with anything that you have already learned.  Please do not fight this process as it is crucial in understanding.  If you are beyond this, please do not voice your objections, just bear with me!  

In order to subtract two integers we need to rewrite all subtraction problems as adding the opposite of the subtrahend (that’s the second number) to the minuend (that’s the 1st number)!!


Example:  
Rewrite each subtraction problem as an addition problem and 




solve.


a)  
3 ( 9





b)  
7 ( (-4)


c) 
-9 ( 6





d)  
-12( (-6)

Once we see a subtraction problem as an addition problem there are no more rules to learn!  We already know how to add integers in two different ways – using the number line and using the rules.  Now all we must do is practice our new skill.

Let's practice some more with some problems that include real numbers, and absolute values as well as order of operations, fractions and decimals.


Example:
Simplify each of the following.


a)
| -5  (  7|  (  8

b)
| 19  (  7/8 |  (  | -11  +  - 2/3 | 


c)
| -19.07  (  (-2.125) |  +  (-205  +  -3.1)

In this section we also encounter some word problems that involve integers.  There are problems about money, temperatures, heights and golf scores.  In each of these applications we can see integers used in real life.


Example:
In Death Valley the average winter temperature is 82( and several 




hundred miles away at the top of Mt. Whitney, the average winter 




temperature is -23(.  What is the difference in average 




temperatures between Death Valley and Mt. Whitney in the 




winter?


Example:
Saul goes plays 18 holes of golf with his buddies every Saturday 




morning.  He wonders what his average is over the past month.  He 




scored 3 under par on the 1st Saturday, 5 over par on the 2nd 




Saturday, 2 under on the 3rd Saturday and the last Saturday 4 over.  




Help Saul find his average score for the month.

Example:
When Jenny pays the mortgage, she has $2,789.27 in the bank.  If 




her mortgage is $3300.00, find Jenny’s ending balance as an 




integer.  Give her ending balance in layman’s terms as well as a 




signed number.
§1.4 Multiplying and Dividing Real Numbers
Outline

Multiplication & Divison

  Redefine Division – Multiplication by the reciprocal (see fractions)

  Basic Truths

     Multiplication by Zero – Zero

     Division by Zero – Undefined

     Zero divided by Anything – Zero

Multiplication & Division w/ Reals

  + ( +  =  +

  -  (  -  =  +

  +  (  -  =  (
Combining All Concepts Thus Far

  Order of Op Problems

Let's first talk about some of the ways that multiplication and division can be written.

All of the following mean multiplication:


3 x 2

3 ( 2

3(2)

(3)(2)

(3)2


In each of these the 3 and the 2 are called factors and the answer 


would be called the product

Note: We will try to phase out the 1st in this list as it will become confusing when variables are involved.
All of the following mean division:


10 ( 2

 10 

10/2

2(10




  2


In each of these the 10 is called the dividend, the 2 is called the 


divisor and the answer would be called the quotient
The multiplicative inverse, also called the reciprocal, is any number which when multiplied by the number itself yields 1.  We are going to be redefining division just as we did subtraction.  Division is multiplication by the reciprocal (multiplicative inverse) of the divisor (second number, outside number or denominator).   When we write  a/b  we are actually saying “a (  1/b”, so we see that multiplying by the inverse of a number is the same as division by that number.  Recall that division by zero is undefined, therefore there is no reciprocal of zero!


Example:
Rewrite  each as a multiplication problem

a)
56 ( 8


b)
7/8

c)
8 (24

Recall the IMPORTANT TRUTHS:

At this time I would like to remind you: the product of zero and anything is zero, 

Multiplication by Zero – ZERO

a(0)  =  0

division by zero is undefined and 

Division by Zero – UNDEFINED

  a    =  undefined
since no number, when multiplied by zero yields a

  0

zero divided by anything is zero.

Zero Divided by Anything – ZERO 

  0    =  0

since  a(0)  =  0  [mult. prop. of zero]


  a

Multiplying & Dividing Reals

Rule 1:  Multiplication or Division of two positive numbers yields a positive number 



(+  (  +  =  +)

Rule 2:  Multiplication or Division of two negative numbers yields a positive number  



(-  (  -  =  +)
Rule 3:  Multiplication or Division of a negative and positive number yields a negative 


  number 



(-  (  +  =  -  or  +  (  -  =  -)

Here’s a nice visual to remember this too:

+








– 

–

Example:  Simplify


a)
-5 x 3


b)
-15 ( -3

c)
 -3/4 ( -8/9

d)
-21/3


e)
7(-56


f)
-4/9  ÷  4/9

g)
0(-3.5)


h)
-27


i)
  0  








  0



-15

Really this section is quite simple in the new rules that it brings up.  There are only the four and this business about division being multiplication really should be old hat since we have already seen this in the discussion on fractions.  Now all there is left to do is practice all the more difficult things with the use of integer multiplication and division.  We will do some order of operation problems that involve integers, exponents, parentheses, absolute values, and both multiplication/division and addition/subtraction.  I will leave all translation problems up to you without review, but I will stress that you should ask for review if you are having difficulty.  Try to review section 3 before trying any translations.  


Example:
Simplify each of the following.


a)
-2/5  (  1 7/8



b)
- 5.1/0.3

c)
(5  (  9) (  | -8  (  2/3 |


d)
9  (  ​  5  (  (3)(-7)    (  2 ½




  




 7  (  9


e)
  7 ( -8  +  (-7)2  +  7  


f)
     | (9)(-1)  +  -11 |     




       | -8  (  9 |


   

    -5  +  -22  +  | -9 |

Although we have already talked about them, and Blair doesn’t discuss them in this section, I want to give you some notation for the averages that we talked about in the last section.  An average is computed by finding the sum of elements and dividing it by the number of elements (as we’ve already seen).  An average is the point that would "balance" all the elements if they were weighted.  I will define an average using sigma notation below (capital sigma is a Greek letter that mathematicians use to denote addition of elements).

Average =   (xi    =   x1  +  x2  +  x3  +  x4 +  …  +  xn  
x ( (, n = # of elements
                        n 


  n

 Note:  The little numbers below and to the right of the variable are called subscripts and are used to denote different elements without using a different variable name for each.  By naming the last xn it indicates that all the numbers in the set are added together, no matter how many elements there are, since n is used to denote the number of elements.

Example:
Find the average of the following numbers.





7, 8, -9, -1, 12, -53

Just in case I’m feeling inclined.  Here are some examples that bring up comparison, evaluation and operations with signed numbers just as Blair does.


Example:
If
s & w are positive numbers

while





x & a are negative numbers




compare each statement using <, > or =


a)
s  •  w   ________  -a/s

b)
a  • -w/x  _________  w  –  a


Example:
Evaluate when

a  =  2,  b  =  -3  &  c  =  -1


a)
a2  +  b2


b)
– a2  +  b

This last example brings up a very important discussion that we must have about exponents once we have introduced signed numbers.


– 22  ≠  (-2)2
because 
the left side says, “the opposite of 2 squared” 
and 






the right side says, “negative 2 squared”

This statement yields:

- (2 • 2)  ≠  -2  •  -2  

(

-4  ≠  4

Another point that I would like to add, is that any time you raise a negative to an even power you will get a positive and when raised to an odd power it will yield a negative.


(-a)n  =  +
a is a positive real number & n is even


(-a)n  =  –
a is a positive real number & n is odd


Example:
Simplify and compare the resulting two numbers using <, >, or =.


a)
- 32
_______
(-3)2

b)
- 12
______
(-1)3

c)
(-2)(-3)(-1)
_______
(-2)(3)(-1)


d)
-(-6)
_______
13/2

e)
- | 5 |
________   - | -5|

§1.5 Problem-Solving Strategies and Mathematics Study Skills
It is very important that you read this section carefully because I won’t be covering the material in the same way as the book and you can learn some very important things from reading the section.

Blair has what she calls the 4-Step Method for solving a word problem.  I have my method too, and that’s what I’m going to cover.

Solving Word Problems
1.
Read and figure out the main ideas and how they will mathematically fit together 


before doing anything.

2.
Make a list (using shorthand notation) of the main ideas and using phrases and 


math operators put together what you know about these main ideas.

3.
Now, assign a variable to the only thing you don’t know and/or substitute in that 


value or any known numeric values to step 2.

4.
Substitute all expressions/numbers into the equation that you have set up and 


solve.

5.
Give an answer using correct units.  It would be nice if you put the answer into a 


complete sentence (that’s asking a lot, and I know it!).

6.
Check you answer.  Does it make logical sense and does it fit the circumstance(s) 


set up by the problem.

We will be working on 4 types of problems in this section:  Linear Equations, Geometry, Linear Equations in 2 Variables and Averages (we won’t cover more of these at this time).  In the case of all besides the Linear Equations, the problems are just basic number problems that rely on correct translation of the words and phrases in them.  You should refer to the following tables for correct translations (I believe we discussed these once before):

Words and Phrasing for Translation Problems, by Operation
Note:  Let any unknown be the variable x.
Addition
	Word
	Phrasing
	Algebraic Expression

	sum
	The sum of a number and 2
	x  +  2

	more than
	5 more than some number
	x  +  5

	added to
	Some number added to 10
	10  +  x

	greater than
	7 greater than some number
	x  +  7

	increased by
	Some number increased by 20
	x  +  20

	years older than
	15 years older than John
	x  +  15


Note:  Because addition is commutative, each expression can be written equivalently in reverse, i.e.  x  +  2  =  2  +  x

Subtraction
	Word
	Phrasing
	Algebraic Expression

	difference of
	The difference of some number and 2

The difference of 2 and some number
	x  (  2

2  (  x

	years younger than
	Sam's age if he is 3 years younger than John
	x  (  3

	diminished by
	15 diminished by some number

Some number diminished by 15
	15  (  x

x  (  15

	less than
	17  less than some number

Some number less than 17
	x  (  17

17  (  x

	decreased by
	Some number decreased by 15

15  decreased by  some number
	x  (  15

15  (  x

	subtract from
	Subtract some number from 51

Subtract 51 from some number
	51  (  x

x  (  51


Note:  Because subtraction is not commutative,   x  (  2  (  2  (  x

Multiplication
	Word
	Phrasing
	Algebraic Expression

	product
	The product of 6 and some number
	6x

	times
	24 times some number
	24x

	twice
	Twice some number

Twice 24
	2x

2(24)

	multiplied by
	8 multiplied by some number
	8x

	at
	Some number of items at $5 a piece
	$5x

	"fractional part" of
	A quarter of some number
	¼ x  or   x/4 .

	"Amount" of "$" or "("
	Amount of money in some number of dimes (nickels, quarters, pennies, etc.)
	0.1x (dollars) or 10x (cents)

	percent of
	3 percent of some number
	0.03x


Note:  Because multiplication is commutative all of the above algebraic expressions can be written equivalently in reverse, i.e. 6x  =  x6.  It is standard practice to write the numeric coefficient and then the variable, however.
Division
	Word
	Phrasing
	Algebraic Expression

	quotient
	The quotient of 6 and some number

The quotient of some number and 6
	6  (  x

x  (  6

	divided by
	Some number divided by 20

20 divided by some number
	x  (  20

20  (  x

	ratio of
	The ratio of some number to 8

The ratio of 8 to some number
	x  (  8

8  (  x


Note:  Division can also be written in the following equivalent ways, i.e. x  (  6  =  x/6  =  6(x  =    x 
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Exponents
	Words
	Phrasing
	Algebraic Expression

	squared
	Some number squared
	x2

	square of
	The square of some number
	x2

	cubed
	Some number cubed
	x3

	cube of
	The cube of some number
	x3

	(raised) to the power of
	Some number (raised) to the power of 6
	x6


Note:  Whenever you are wondering, “How can I tell whether a number is added first or multiplied first and then added,” or some such order of operation detail, look for the word ‘and’.  The ‘and’ goes between the two addends or the minuend and subtrahend or the factors or the dividend and divisor.  Another clue to look for is a comma following a phrasing that includes an ‘and’.
Equality

	Words
	Phrasing
	Algebraic Equation

	yields
	A number and 7 yields 17.  Let x = #.
	x  +  7  =  17

	equals
	7 and 9 equals 16
	7  +  9  =  16

	is
	The sum of 5 and 4 is 9.
	5  +  4  =  9

	will be
	12 decreased by 4  will be 8.
	12  (  4  =  8

	was
	The quotient of 12 and 6 was 2.
	12  (  6  =  2


Note:  Any form of the word is can be used to mean equal.
Parentheses
Parentheses are indicated in four ways.  

1)  The first is the use of a comma
Example:
The product of 5, and 16 less than a number.  






5(x  –  16)

2)  The second is the use of two operators' phrases next to one another.  

Example:
17 decreased by the sum of 9 and a number.  





17  –  (9  +  x)

Notice how ‘decreased by’ is followed by ‘the sum of’ and not by a number?  This indicates that we will be doing the sum first; hence a set of parentheses will be needed.

3)  Next, you may notice that the expected 'and' between the two numbers being operated upon is after a prepositional phrase [A phrase that consists of a preposition (usually “of” in our case) and the noun it governs (usually number in our case) and acts like an adjective or adverb].  

Example:  The sum of 9 times a number and the number.  





9x  +  x

Usually we would see the 'and' just after the number 9, but it does not appear until after the prepositional phrase 'of 9 times a number'.  If you think of this in a logical manner, what you should see is that you have to have two numbers to operate upon before you can complete the operation, which would require the use of parentheses to tell you to find a number first!  

4)  Finally, you may notice a phrase containing another operator after the 'and' where you would expect a number.

Example:
The difference of 51 and the product of 9 and a number.  





51  –  9x

The note about thinking in a logical manner applies here too!  You must have two numbers to operate on!

It is my opinion that you can’t have too much practice just translating number problems as they form the basis for all word problems no matter how complicated they get so let’s practice a few.


Example:  Write an algebraic equation for the following:


a)
Two times a number yields ten


b)
The ratio of a number and two is the same as eight


c)
The total of eighteen and five times a number equals eleven times the number


d)
The product of five and the sum of two and a number is equivalent to the 



quotient of forty and the number

Blair’s approach to this section is to introduce a guess and check method, which I find totally counterproductive.  We will instead use this section to cover the types of problems and to preview how we will be setting them up to solve them in the future.  I am not going to focus on solving them at this time as she does.

Linear Equations

These problems will follow the basic pattern.

Total  =  baseline  +  (ratio)(unknown quantity (units matching denom. Of ratio))

Total =  known

Baseline = known

Ratio = known

Quantity = WHAT YOU ASSIGN AS VARIABLE

Types of problems that you’ll see that follow this pattern:  movie tickets, selling tickets to events, phone call problems, taxi cab rides, toll crossing prices, salaries based on salary and a commission.


Example:
You are going to rent a party room for a reception.  There is a fixed 




rental fee of $500 to rent the room, plus a charge of $12 for each 




person(for snacks).  Find how many people you can invite for $2900.

Geometry Problems
These problems involve a formula of some type so can look like many different things.  However, they will not contain the information for building the equation (usually), since that is an assumed known entity.  They will have the basic translation problems within them.

Types that you might see are perimeter problems, area problems, complementary and supplementary angle problems, and the number of degrees in the angles of a polygon.


Example:
Denise is planning a rectangular garden and needs 120 sq. ft. of 




area to plant the flowers she has chosen.  She wants one side of the 




garden to be 15 feet long.  What should the dimension of the other 




side be?

Linear Equations in Two Variables
These contain two instances of linear equations in two variables.  They will look just like the problems that are linear equations, but two people or two things will be dependent on the same linear equation set up.  Furthermore, we will then have those two instances related to one another to form an equation.


Example:
Anut Jane has baked 64 very large cookies to give to 10 relatives 




who are coming to Thanksgiving dinner.  She plans to put them in 




large boxes that will hold 8 cookies or smaller boxes that will hold 




4 cookies.  She plans to give all the cookies away and needs to 




have 10 filled boxes.  How many large and how many small boxes 




are needed to have a total of 10 boxes to distribute the 64 cookies?

Another very specific type of linear equation problem is a Cost and Revenue problem.  The Cost is a linear equation based upon the baseline cost to set up and the cost to produce each item, and the Revenue is a linear equation based on the amount of money that each item brings in.  Both equations are based upon the same unknown – the number of items produced/sold.

Cost =  Baseline  +  ($/each to make)(#made/sold)

Revenue =  ($/each when selling)(#made/sold)

Break Even:
Cost = Revenue


Example:
Stephanie owns a business that builds computers according to 




customer specifications.  The fixed operating cost of her business 




is $4,000 per week (it doesn’t matter how many she makes because the cost 




to produce a total number is fixed).  If each computer sells for $2000, 




how many does she have to produce to break even?

Chapter 1 Practice Test
Instructions:  Put your name on the top before beginning.  You will have approximately one hour to complete this exam.  You may not use a calculator.  Please attach you note card to the back of the test when finished.  If you can’t complete a problem in the space allotted, please direct me to the place where you have completed the work and label it clearly.  A problem without work will not receive full credit under any circumstances.  Word problems must show the appropriate set up, equation, substitution and work to receive full credit.  Show all work and box your final answer.  Good luck!

1.
Simplify each of the following using your knowledge of fractions.

a)
1/5  (  2/5





b)
1 2/3  (  3/8
c)
2/5  +  4/5





d)
2/27  (  1/18
e)
12 1/5  +  1 1/3




f)
12 ¼  (  5 ¾ 

g)
0.115  +  1.5





h)
(-2/5)2
2.
Simplify the following using your knowledge of decimals.

a)
25  (  0.529





b)
75  (  0.03

c)
-1.25  (  5




d)
(-1.2)(0.05)

e)
(-0.02)3
3.
Simplify using your knowledge of integers.  Change all subtraction to 


addition before simplifying.

a)
9  +  -7





b)
-8  +  -9

c)
-9  +  6





d)
-9  (  8

e)
-6  (  (-9)





f)
7  (  9

g)
-9 ( 5






h)
-54  (  -9

i)
-22






j)
(-2)2
Note:  There is a difference in the answers between i & j and you should be able to explain this difference.  If it is not clear ask in class!

4.
Simplify by using order of operations.  Show all steps.

a)
9  +  15  (  3  (  8




b)
    8  +  -8  (  8   











  (8  +  -8)  (  8

c)
2(5  (  3)  +  25  (  5  +  20  (  8  (  4

d)
  8  (  1/8  +  -1  



    5  (  15  +  1/3
6.
Compare each of the following using <, > or =.  Show work in 


simplifying the numbers that you are comparing.

a)
-(-5)

| -5 |



b)
- | -5 |

-(-5)

c)
0/5

- | 5 |

8.
Using integers and only addition, write down all important 


information in shorthand, write an expression and solve the following 


word problem.



John had $51 in his account.  He wrote a check for $27, then 



another one for $28, finally he made a deposit of $30.  What 



was John's final balance.

9.
Match each example with the property that it best represents by writing the corresponding letter next to it.

_____  2(8(4)  =  (2(8)4


a)  Inverse Property of Mult.


_____  0  +  4  =  4



b)  Commutative Prop. of Add.


_____  1/4  (  4  =  1


c)  Associative Prop. of Mult.


_____  2 + (5 + 3) = (5 + 3) + 2   
d)  Identity Element of Add.


_____  4z  +  4v   =  4(z  +  v)

e)  Distributive Property

-5
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