§1.2 Algebraic Expressions & Sets of Numbers
In this section we discuss algebraic expressions and in §1.4 we will discuss algebraic equations.  The difference between an algebraic expression and an algebraic equation is an equal sign.  An algebraic expression does not contain an equal sign and an algebraic equation does!  An algebraic expression is a collection of numbers, variables (a letter of the alphabet used to denote an unknown number), operators (addition, subtraction, multiplication and division) and grouping symbols (parentheses, brackets, braces, absolute value signs, radical symbols, fraction bars).

Example:  
All the following are algebraic EXPRESSIONS


a)
3x

b)
3x2 ( 5

c)
6( y ( 4 )  +  2


d)
5z  (  16

(Fraction bars are grouping symbols)



      5

An algebraic expression can be evaluated.  This means that given specific values for the variables, we can give a numeric answer to the expression.  Order of operations is used to evaluate an algebraic expression (PEMDAS is reviewed below, in case you have forgotten).
Evaluating Algebraic Expressions
     1)  Replace each variable with open parentheses

     2)  Put the value given for the variable into the parentheses

     3)  Solve the resulting mathematical expression using order of operations

Example:  
Evaluate  3x2 +  5y  (  z   given x = 2  y = 1 and z = 3

Example:  
Evaluate  2c  +  15   given  c = 3  and k = 7





k

Before introducing the last example here, I need to discuss Order of Operations for the real numbers.

Order of Operations

P
arentheses




Also remembered by some as 
E
xponents




Please Excuse My Dear Aunt 


M
ultiplication




Sally


D
ivision


A
ddition


S
ubtraction

The most common error is to do addition and subtraction before multiplication and division!

Example:  
Evaluate  2 ( z  + 5 )  (   4/z   +  k2    given z = 2 and k = 5

This section also helps you to practice your skills for writing algebraic expressions or equations by translating the following words and phrases into operators.  Following is a helpful chart, after which we will practice translating some expression.  Remember that translation is the key to all word problems.
Addition

	Word
	Phrasing
	Symbols

	Sum
	The sum of 7 and 2
	7  +  2

	more than
	5 more than 10
	10  +  5

	added to
	6 added to 10
	10  +  6

	greater than
	7 greater than 9
	9  +  7

	increased by
	4 increased by 20
	4  +  20

	years older than
	15 years older than John. John is 20.
	20  +  15

	total of
	The total of 6 and 28
	6  +  28

	plus
	8 plus 281
	8  +  281


Subtraction
	Word
	Phrasing
	Symbols

	difference of
	The difference of 5 and 2

The difference of 2 and 1
	5  (  2

2  (  1

	*years younger than
	Sam's age if he is 3 years younger than John.  John is 7.
	7  (  3

	diminished by
	15 diminished by 9

21 diminished by 15
	15  (  9

21  (  15

	*less than
	17  less than 49

7 less than 17
	49  (  17

17  (  7

	decreased by
	29 decreased by 15

15  decreased by  7
	29  (  15

15  (  7

	*subtract(ed)    

  from
	Subtract 13 from 51

Subtract 51 from 103
	51  (  13

103  (  51

	take away
	79 take away 61
	79  (  61

	subtract
	54 subtract 2
	54  (  2

	less
	16 less 4
	16  (  4


* - Means that the numbers come in opposite order than they appear in the sentence.

Multiplication
	Word
	Phrasing
	Symbols

	product
	The product of 6 and 5
	6(5

	times
	24 times 7
	24(7)

	twice
	Twice 24
	2(24)

	multiplied by
	8 multiplied by 15
	8*15

	at
	9 items at $5 a piece
	($5)9

	"fractional part" of
	A quarter of 8
	(¼)(8)  or   8/4 .

	"Amount" of "$" or "("
	Amount of money in 25 dimes 
(nickels, quarters, pennies, etc.)
	($0.1)(25)  or (10)(25) (

	percent of
	3 percent of 15
	0.03(15)


Division
	Word
	Phrasing
	Symbols

	divide
	Divide 81 by 9
	81  (  9

	quotient
	The quotient of 6 and 3

The quotient of 24 and 6
	6  (  3

24  (  6

	divided by
	100 divided by 20

20 divided by 5
	100  (  20

20  (  5

	ratio of
	The ratio of 16 to 8

The ratio of 8 to 2
	16  (  8

8  (  2

	shared equally among
	65 apples shared equally among 5 people
	65  (  5


Note:  Division can also be written in the following equivalent ways, i.e. x  (  6  =  x/6  =  6(x  =    x 
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Parentheses
Parentheses are indicated in four ways.  
     The first is the use of a comma, such as:  
The product of 5, and 16 less than a number.
     The second is the use of two operators' phrases next to one another, such as:

17 decreased by the sum of 9 and 2.  



*Notice how decreased by is followed by the sum of and not a number, this indicates that we will be doing the sum first; hence a set of parentheses will be needed.
     Next, you may notice that the expected 'and' between the two numbers being operated on is after a 
     prepositional phrase [A phrase that consists of a preposition (usually “of” in our case) and the noun it 
     governs (usually number in our case) and acts like an adjective or adverb].  Such as:
The sum of 9 times a number and the number.  
*Usually we would see the 'and' just after the number 9, but it does not appear until after the prepositional phrase 'of 9 times a number'.  If you think of this in a logical manner, what you should see is that you have to have two numbers to operate on before you can complete the operation, which would require the use of parentheses to tell you to find a number first!  
     Finally, you may notice a phrase containing another operator after the 'and' where you would 
     expect a number.  An example here might be:

The difference of 51 and the product of 9 and a number.  
*The note about thinking in a logical manner applies here too!  You must have two numbers to operate on!

Although this does not come up, here are all the words and phrasing for translation problems.

Exponents
	Words
	Phrasing
	Algebraic Expression

	squared
	Some number squared
	x2

	square of
	The square of some number
	x2

	cubed
	Some number cubed
	x3

	cube of
	The cube of some number
	x3

	(raised) to the power of
	Some number (raised) to the power of 6
	x6


Equality

	Words
	Phrasing
	Algebraic Equation

	yields
	A number and 7 yields 17.  Let x = #.
	x  +  7  =  17

	equals
	7 and 9 equals 16
	7  +  9  =  16

	is
	The sum of 5 and 4 is 9.
	5  +  4  =  9

	will be
	12 decreased by 4  will be 8.
	12  (  4  =  8

	was
	The quotient of 12 and 6 was 2.
	12  (  6  =  2


Note:  Any form of the word “is” can be used to mean equal.

Variables
Variables are an undisclosed number.  If you are not told what variable to use by the author, you should always define the variable as part of the problem.  We define the variable by saying "Let x = #" or whatever letter you choose to be your unknown, the most commonly used variable is x, but you will find that sometimes it makes more sense to use another letter.

Example:  
Write an algebraic expression for the following.  Let x = #


a)
The difference of five times a number and two


b)
Three times the sum of a number and four.


c)
 The product of a number and two, decreased by seven


d)
 The quotient of seven and two times a number


e)
Four, subtracted from three times a number.
Sets of #’s
We will be referring to the following sets of numbers throughout the course:


( -- Real numbers.  All numbers that you can think of such as decimals (0.6666), 

                    fractions (4/7), whole numbers (5), radical numbers ((2 ), zero and negative 

                     numbers (-1200).


Q --  Rational numbers.  These are built from the integers as P/Q, Q(0.


I --  Irrational numbers.  These are numbers that can’t be described by P/Q, Q(0.  

         Such numbers include (, e, (2, etc.

Z --  Integers.  These are the positive and negative whole numbers and zero.  They 

        are sometimes subdivided into the positive and negative integers and zero.

W --  Whole numbers.  These are the positive integers and zero.

N --  Natural numbers or counting numbers.  These are the same as the positive 

         integers.  They do not include zero.

A subset is a set that is contained within another set.  All the sets above are sets of the (.  The rational & irrationals together make up the (.  The whole numbers are a subset of the integers and rationals.  The natural numbers are a subset of the integers, wholes, & rationals.  The irrationals are only a subset of the (.
Refer to page 11 of Martin-Gay/Greene’s text for a nice visual.

Writing sets of numbers
We can write a set, usually to express a solution set, in 2 ways:


Set Builder Notation – Descriptive Representation



{ x |  x ( 0  and x ( Z}

This describes the whole numbers.



Roster Form – Listing of elements (a member)


{0, 1, 2, 3, 4, 5, …}

This also describes the whole numbers.



There are instances when one type is better than the other.  Small sets can easily be listed so roster is usually better.  Infinite sets with a definite pattern can also be easily listed with roster form.  However, an infinite set with a strange pattern, may be more easily described with set builder.  Sometimes we will be required to use one type versus the other.  For instance inequalities’ solution sets require the use of set builder notation, whereas linear equations’ solutions usually only requires the use of roster form.

Example:
List the set in roster form  


a)
B = {y | y(N, y is odd, y < 8}

b)
L = {x | x ( Z, x > 5}



c)
K = {t | t ( W, 3 < t < 4}

Although the following is not strictly included in Chapter 1, Martin-Gay/Greene wait until Ch. 3.6 to cover this material, I like to cover these concepts early.

Intersection and Union
These are two ideas that you may not be familiar with.  They come from set theory and are important in our study of inequalities.


Intersection is a mathematical “and.”  It means contained by all sets.  It is the 

overlap when visualized.  It is abbreviated (.  You may be able to remember this 

better if you think of it looking like an A without the cross in the middle.

Example:
Find  A ( B when 
A = {2,4,6}  &  B = {0,2,4,6,8}
Note:  In the last example, A is a subset of B (written A ( B) and therefore the intersection is A.

Example:
Find C ( D  when C = {1,3,5,7}  & D = {2,4,6,8}

The above example’s solution is called a null set or an empty set.  The empty set is shown with empty braces {} or with the symbol (.  It is not wise to use crossed zeros in math because of this symbol!

Union is a mathematical “or” and it means either one or the other so it joins the sets.  Its abbreviation is (.

Example:
Find A ( B  when  A = {1,2,3}  &  B = {4,5,6}

Note:  When there is no overlap the union is not effected.  This is unlike the intersection, which would result in a null set.

Example:
Find C ( D  when  C = {2,4,6}  &  D = {2,4,6,8,…}

Note:  When one is a subset of the other, the union is the larger set.  Whereas, when one is a subset of the other the intersection is the smaller set.

Now that we have discussed a little about a subset, let’s relate our number sets and the concept of a subset.  Remember that a subset is a set contained by the larger set.  A ( B is read A is a subset of B, meaning that A is contained within B.

Example:
Which of the following are true statements?


a)
W ( Q


b)
W ( N


c)
Q ( I
Another concept that I snuck in and that Martin-Gay/Greene do want to make sure that you know is the idea of “an element of”.  A set is not an element of another set.  Anything in a set is called a member or element of a set, and would not appear with braces around it.

Example:
2 ( {2, 4, 6}, but  {2} ( {2, 4, 6} since 2 is a member of the set,

    but {2} is a set! 

Example:
(2/5  +  3/5)  ( {x | x(N} and 

the value of 9x2(x + 11)  (  9(x + 11)x2 for x = 100, is 0.

Our next concepts are those best described on a number line.  I will quickly review the number line, just so I can refer to it here.

Real Numbers and the Number Line
The number line, a visualization of the real numbers, is set up with increasing numbers to the right and decreasing numbers to the left.  This is referred to as the order property.




Opposites are numbers that are the same distance from zero in the opposite direction.  



Shorthand for the opposite is:

 -(a)
where a ( (
Example:
a)
-(5)


b)
-(-5)
Also called the double negative property
The absolute value is the distance from zero regardless of direction.



Shorthand for the absolute value is:

| a |

a ( (
Example:
| 2 |   and  | -2 |

Note:  It is the number regardless of sign!
Combining Opposites & Absolute Values
1)  Simplify inside parentheses 1st (the absolute value symbols are parentheses)
2)  Evaluate the definition of absolute value

3)  Find the opposite

Example:
Evaluate each of the following:

a)
- | -3.14|

b)
- | 2 |


c)
| - (-3) |

Although this is not a concept that Martin-Gay/Greene find important, I will use this as a method for testing the 3 concepts at once. (Those concepts being comparison symbols, absolute value and opposites.)
Comparing Absolute Value Expressions
1)  Apply steps in simplifying an absolute value expression

2)  Compare the results with  inequality symbols <, >, = [Recall < is less than, > is greater than; 

       to help remember which is which you can go back to your 1st grade learning and remember that the 

       alligator eats the big guy or use the “adult” method that you are pointing out the little number]
Example:
Compare the following using <, >, =


a)
| - (-9) |

-9

b)
- | 11 |


- | 9 |

Note: Work must be shown in simplification steps for full credit.

Note2:  Absolute value signs are parentheses and you always work from the inside out when working with parentheses.

Also while we are on the subject of number lines, let’s review how to graph numbers on a number line.


1)  Put a solid dot on the number & highlight the number


2)  Fractions require labeled integer before and after the fraction with the region 


      correctly broken into the fractional portion



a)  Look at the denominator, use 1 less dividing line than denominator to 



     even break region into the correct fractional representation




ii)  Your region is between your whole number & the next higher if 




      positive and the next lower if negative



b)  For improper fractions, turn them into mixed #’s, and go fractional 



     portion beyond the whole number

Example:
On the same number line graph the following:
1, 2 1/5, -25/7
§1.3 Operations on Real Numbers

Before we begin, let’s quickly review addition and subtraction of decimals and fractions, then we’ll get into addition and subtraction with real numbers.

Addition & Subtraction of Decimals
1)  Line up the decimal (hence lining up the place values)
2)  Add the like place values; don't forget to bring down the decimal!

Addition/Subtraction with Fractions
1)  Find LCD

2)  Build higher terms (remember whole # over 1)
3)  Add numerators & carry along LCD

4)  Simplify (lowest terms)
Rules for Addition of Real Numbers
1)  Same signs – Keep the like sign and add the numbers

2)  Opposite Signs – Subtract smaller from larger and keep larger sign

Example:
Add the following.
a)
-24  +
105




b)
- 9.51  +  -2.12



c)
-105  +  91




d)
- 3/4  +  ¼

The additive inverse is the opposite.  Integer subtraction is addition of the inverse!!

Steps to Subtracting Real Numbers
1)  Change the subtraction sign to addition sign.

2)  Change the sign of the number following the subtraction sign to its opposite.

3)  Follow the rules of integer addition.

Example:
Change the following to addition and then simplify.
a)
-9  (  5



b)
3.2  (  7.35

c)
-1.05  –  -2.1

Note:  There is a huge difference in b) & c).  In b) there are more decimal places in the minuend (1st number in a subtraction problem) than in the subtrahend (the 2nd number in a subtraction problem; the one that follows the subtraction symbol), thus no problem is created in subtracting, however, in c) there are more in the subtrahend, than the minuend, and we must take care to add extra zeros to the minuend to avoid a mistake in subtraction!

Example:
Simplify the following


a)
3/5  (  ( ¾ (  1/3)


b)
-2  (  3/5

c)
¼  (  5/6



d)
2/7  (  9/7
Note:  Remember when adding decimals to line up the decimal points to add like place values.

Note2:  Remember when adding fractions you must have common denominators and you add the numerators.  All fractional answers must be given in lowest terms.

Multiplication of Decimals
1)  Multiply the numbers

2)  Count decimal places total in factors
3)  From right count to left same number of places as decimal

Multiplication of Fractions/Mixed Numbers
1)  Change all mixed numbers to improper fractions (multiply denominator by whole & add 

       numerator, putting over original denominator)
2)  Cancel (divide out common factors)
3)  Multiply numerators

4)  Multiply denominators

Note:  A very common error is to forget to multiply the denominators if they are alike! 

Multiplication/Division of Real Numbers
  +  (  +  =  +


  +  (  (  =  (




Example:
-15  •  -2

  (  (  +  =  (
  (  (  (  =  +




Example:
 -256 ÷  16
Example:
Simplify the following

a)
( 3/5 )( - 1/2 )(6)


b)
(-8/15)(1 2/3)

c)
0.54(-0.03)

The multiplicative inverse is the reciprocal.  The reciprocal is 1 over the number, the number that you multiply by to get the identity element of multiplication (one).  Division of fractions is multiplication by the inverse!

Division by an Integer

Step 1:  If the dividend is an integer, place a decimal and add zeros appropriately

Step 2:  Divide as normal, bringing decimal up into quotient at appropriate place

Step 3:  a)  Answer terminates, no problem


 b)  Answer is a repeating, non-terminating decimal, use bar over repeat pattern to 


      indicate repeat or round if asked or appropriately if problem is an application 


      problem


 c)  Answer is non-repeating and non-terminating – it won’t EVER happen, 


      because that is an irrational number which can’t be created by division!

Dividing by a Decimal

Step 1:  Remove the decimal from the divisor by moving the decimal the same number of 

  places in the dividend as in the divisor

Step 2:  Divide as before, don’t forget to bring the decimal up into the quotient

Step 3:  See above.

Dividing Fractions/Mixed Numbers
1)  Make sure all mixed numbers have been converted to improper fractions

2)  Invert the divisor (2nd number when written a ( b)
3)  Multiply as before

Example:
Simplify the following:


a)
-4  (  ¾ 



b)
-5/12  (  -9
Now, we’ll mix it up a little.  We’ll put in addition, subtraction and our friends, the absolute value from the last section!

Example:
Simplify the following:   Note:  “d” is a difficult problem.  The key is to focus on the operators!!

a)
-5.1  +  2.5




b)
| -3.25|  (  5

c)
- | 5.1  +  (-3.52) |  (  10


d)
-5.1  (  (-3.25)  (  1.1
Example:
Simplify the following:

a)
(-0.8)(-1.2)



b)
| -5.4  (  1.2 | ( (5.1  +  0.9)

c)
- | 3/8 |  (  | - 32/27 |


d)
| -1/5 |  (   - | - 5 |

Now, how about an application problem that involves integers!  These are my favorite, because you have to do the translation correctly in order to do the word problem, which is really what most word problems are about anyway!


Example:  At the top of Mt. Whitney the average winter temperature is -23( and 



several hundred miles away in Death Valley the average winter 



temperature is 82(.  What is the difference in average temperatures 



between Mt. Whitney and Death Valley in the winter?

Exponents

an = a ( a ( a ( ( ( a



a taken as a factor "n" times

"a" is called the base
"n" is called the exponent
Example:
Name the base and the exponent, then expand






53
Example:
Evaluate (you must expand first)


a)
52



b)
- 52


c)
(-5)2

d)
(2/5)3



e)
(2.1)1.3
Note:  -52( (-5)2  because 5 is the base and not –5, because –1 ( 5 = -5
Although Martin-Gay/Greene, and most authors, do not choose to go into this topic in the detail that I will use until Chapter 7, I think that it is a good topic for this section.  You will be tested on some basic roots so be prepared.  Radicals and exponents are inverses of one another, so that is why I think we should begin our discussion here.  The square root is the inverse of square of a number under certain circumstances.

Radical Expressions


( a  =  b


b taken n times is equivalent to a

"n" is the index

"a" is the radicand

(   is the radical

"b" is the root

Note:  A radical expression looks for the base"b"
A radical expression can be written as an exponent.  Most authors don't get around to telling you this until the end of intermediate algebra, but I always teach it from the get go, leading to less confusion in the end!

A fractional exponent represents a radical expression.  One over the index represents the radical expression   (a   .



(a)    =  b


equivalent to the nth root of  "a"

Note: This is useful when finding the nth root of a very large number and for applications of radical expressions
Some Basics
1)  If the index is even then the radicand can't be negative

Example:
( -4  =  Not a (

since no ( number times itself an even 

number of times yields a negative number.

2)  If the index is odd then the radicand can be negative and if so the root is negative


Example:
( -8  =  -2


since a negative number times itself an odd 

number of times yields a negative number.
At this time, if you don't already have them memorized, I highly recommend the memorization of the following perfect squares and perfect cubes!



Perfect Squares 1-15 and 25

12=1, 22=4, 32=9, 42=16, 52=25, 62=36, 72=49, 82=64, 92=81,102=100, 112=121, 122=144, 132=169, 142=196, 152=225, 252=625

Perfect Cubes 1-5

13=1, 23=8, 33=27, 43=64, 53=125, 63 = 216, 73 = 343
Example:
Evaluate



a)
(1/4


Square root of quotient is quotient of square roots



b)
(-0.125

Deal with the # and ignore the decimal until the end



c)
- ( 16


Break down to primes and divide by index to get root



d)
(15/13


Round the answer to the nearest 1000th from calculator
Now, just incase you’ve forgotten in the last section, I’ll briefly review order of operations and then quickly combine them into the concepts that we have been working on!

Order of Operations

P
arentheses




Also remembered by some as 
E
xponents




Please Excuse My Dear Aunt 


M
ultiplication




Sally


D
ivision
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ddition


S
ubtraction

The most common error is to do addition and subtraction before multiplication and division!

Example:
Simplify

a)
5  +  9  (  5




b)
24  (  6  (  3

Example:
Evaluate


a)
(1/2)2  (  (0.1)2 +  44  (  (-2)3


b)
6  +  15   (  3


c)
6 ( 3  (  9  +  ½



d)
2((-1  +  (81 )  (    15 
     (25

d)
  5(-5)  (  8  (  2  (  22  


e)
  5(2 (  3)    +    3(52  (  28)  



   2  (  (8 (32  (  23)


     

       -22
                3  (  (-7)

Note:  There is no difference in how you do the problem whether you are asked to simplify or to evaluate.

Evaluation of an Algebraic Expression  
1)  Parentheses for variables & plug in

2)  Use order of operations

Example:
Evaluate when x = 5 & y = -4

a)
-3y2




b)
√ (4 + x)    +    y  









        y

x

§1.4 Properties of the Real Numbers

Summary of the Properties of the (
Addition Properties
Associative 

(a  +  b)  +  c  =  a  +  (b  +  c)

Commutative

(a  +  b)  +  c  =  c  +  (a  +  b)

Inverse


-a  +  a  =  0

Identity

a  +  0  =  a

Multiplication
Associative 

(a  (  b)  (  c  =  a  (  (b  (  c)

Commutative

(a  (  b)  (  c  =  c  (  (a  (  b)

Inverse


a  (  1/a  =  1

Identity

a  (  1  =  a

Distributive Property

a(b  +  c)  =  ab  +  ac

Note:  It does not matter whether the “a” appears before or after the parentheses, that is the commutative property of multiplication working for you.  It also does not matter if within the parentheses it is addition or subtraction since subtraction is addition of the opposite. 
Properties of Zero
Multiplication

a  (  0  =  0

Division by

a  (  0  =  undefined
also seen as:    0 (a     or    a/0
Zero divided by
0  (  a  =  0

also seen as:    a (0     or    0/a
Subtraction and Division DO NOT have similar properties!!!!

It truly is due to the simplification of algebraic expressions, and then for their application in solving algebraic equations, that we need to review these properties and it gives me great pleasure that this author decides to follow the discussion of the properties with simplification of algebraic expressions!  It should be noted that I typically test the properties with a multiple choice question on the exam, to see if you know their names and uses.

I will require some vocabulary in order to discuss simplification of algebraic expressions.  You should already know several, and several may be new, make an effort to learn vocabulary as math is like a foreign language!

Expression – A constant, variable(s) or product of var and constants or the sum of afore 

                      mentioned (no equal sign)
Constant – A number

Variable – Letter representing a number

Numeric Coefficient – A number multiplied by a variable

Term – A part of a sum (constant, variable, variable times a constant – must be separated by 

               addition/subtraction)
Like Terms – Terms which have the same variable portions

Example:
Each of the following form algebraic expressions.  I want to discuss each 

in terms of the above vocabulary:  constant, variable, numeric 
coefficient, terms and like terms.


a)
5

b)
5x

c)
-2xy

d)
3x/2

d)
2x  +  2y
e)
1/4 x

f)
12x2y3z

Simplifying Algebraic Expressions
1)  Distribute as necessary

2)  Add numeric coefficients of like terms

3)  Rewrite as a sum of unlike terms

Example:
Simplify


a)
½ x2  +  5y  (  1/3 x2  +  3y


b)
2(x  (  5)  +  3x


c)
½ (x  (  y)  (  ¼ (x  +  3)  (  ½ y

d)
x2  +  5x  +  5

Note:  Watch yourself when distributing negatives!
This is also the section that Martin-Gay/Greene begin hammering on translation problems.  You will find a review of the tables on page 2&3 of these notes helpful in translation of both algebraic expression and algebraic equations (the equality of 2 algebraic expressions).

Example:
Write each sentence using mathematical symbols.  Translate.

a)
The quotient of 8 and x is 3 more than x.

b)
10 subtracted from the reciprocal of x is greater than zero.

Note:  The greater than here is not addition.  Note that it is used with a form of the infinitive verb to be, and it is therefore a > symbol.

c)
5 times the sum of 6 and y is -35.

d)
An expression for one number if the sum of it and another is 25.

e)
The measure of an angles measuring 2x + 9’s, supplement.

f)
The next consecutive integer if the first is 3x  +  5.

§1.5 Solving Linear Equations Algebraically
Linear Equation in 1 Variable
Any equation that can be written in the following form:




ax  +  b  =  0

a,b ( (,  a ( 0  and x is a variable

As discussed earlier, an equation has a solution, sometimes called a root or a zero.  The solution to any equation is the number or numbers which make it a true statement, or satisfies the equation.  We typically write the solution to an equation as:




var = #  or  {#}

You may remember as a child doing missing addend and missing factor problems.  It is the skills those problems developed combined with the two properties of additive inverses and addition property of zero (or identity property of addition) and/or the multiplicative inverse and the multiplicative property of 1 (or the identity property of multiplication) that give us the skills to solve equations.

Addition Property of Equality
Add the same thing to both sides of the equation and the resulting equation is equivalent to the original.  This allows us to move terms from one side of the equation to the other.




If a = b,  then a + c  =  b  +  c


Example:
If   x  (  5  =  7, then x  (  5  +  5  =  7  +  5

Note:  Usually in printed text you will note the horizontal fashion in which the addition property is presented, but when I do this in class you will see me write it in a columnar form.  The columns are preferred because they allow us to see that the same thing is being done to both sides of the equation, however columns are difficult in printed text.

Multiplication Property of Equality
Multiply both sides of the equation by the same number and resulting equation is equivalent to the original.  This allows us to isolate the variable (remove the numeric coefficient).




If  a  =  b, then ac  =  bc


Example:
If    1/5 x  =  2, then 1/5 ( 5 x  =  2 ( 5

Note:  By your level this is  most commonly shown by division, however I will refrain from saying, if not from doing this as a division problem to further concrete the principle in your mind so that when fractions become common place, you do not freeze up and fail to do the problem correctly, simply because you don’t know how to think it through and divide by a fraction.

Solving Algebraic Equations
1)  Simplify 

a)  Distribute

b)  Clear equation of fractions/decimals


c)  Combine like terms
2)  Move the variable to the "left" by applying addition property

3)  Move constants to the "right" by applying the addition property

4)  Remove the numeric coefficient by applying the multiplication property

5)  Write solution as a solution set or variable = # or {#}

Example:
Solve the following and give the solution set in roster form.

a)
a  +  5  =  9

b)
5z  =  125

c)
2x  +  3  =  x  (  3
 

c)
    2(y  +  3)  =  8  +  y

      e)
      2(c  +  5)  (  3  =  2(c  (  3)  +  2c  +  1

f)
½ g  +  2/3  =  5


g)
1/3 (y  (  5)  =  ¼ 


Note:  Find the LCD and multiply each term by that to remove fractions.

Note2:  In my opinion it is generally easier to simplify any distributive properties before clearing the equation of fractions or decimals.
h)
0.5x  +  0.25  =  1.2


i)
0.25(x  (  0.1)  =  0.5x  +  0.75
Note:  Note the largest number of decimal places and multiply each term by a factor of 10 containing that number of zeros.
Classification of Equations & Two Exceptions to One Solution
Inconsistent Equations have no solution
Contradiction – Instead of variable = #, a number will equal a different number, 

    making a false statement.  This means that there is no solution.  

    ( or {} is the solution set.

Consistent Equations have a solution
Identity – Instead of variable = #, a number will equal itself or variable will equal 

      itself, making a true statement.  This means that there are infinite 

      solutions.

     ( is the solution set

Conditional – An equation with only one solution, variable = #, is considered 

     
            conditional.

Example:
State conditional, contradiction or identity and give the solution set.


a)
c  +  5  =  c  (  5

b)
2(a  +  1)  =  2(a  (  5)  +  12


c)
2(a  +  1)  =  2(a  (  5)  +  12  +  a

Note:  It is a common error when working with contradictions, identities and conditional equations to give the answer of {} when the equation is truly conditional with a solution set of {0}.

§1.6 An Introduction to Problem Solving

Objectives
· Solving translation problems (number problems)
· Solving geometry problems (triangles, supplementary &complementary angles)
· Solving consecutive integer problems

· Supplemental review of percentage problems

· Solving problems involving percentages (% increase/decrease)
At this point we are about to begin the sections on word problems.  You should refer back to the words and phrases and their translations given to you on the Review of Chapter 1 notes. 

Steps to Solving a Word Problem

1.  Read & understand what the problem says and what is being asked of you.

2.  Assign a variable to an unknown and put all other unknowns in terms of this one 

     variable.

3.  Draw a picture or make a table to help you with the problem.

4.  Translate the problem into an equation.

5.  Solve the equation that you have made for yourself.

6.  Check the solution and answer the question in a complete sentence or phrase with a 

     label.

Translation/Number Problems

Number problems are no more than the translation problems that we have already been doing, except that the variable will not be predefined!  You now need to be sure that you define the variable!



Unknown #  =  x (or whatever you choose)


Equation (  You will get this from translation

You will solve the equation and find the unknown number using your skills for solving algebraic equations.  For each problem you will need setup, an equation based on the setup, a solution using the equation and a final answer (with units when necessary).



Example:
Twice the difference of a number and eight is equal to three times 





the sum of the number and three.   Find the number.



Example:
If ¾ is added to three times a number, the result is ½ subtracted 





from twice the number.  Find the number.

More Complex Translation/Number Problems
These number problems involve not one but two unknowns that are defined in terms of one another.  This definition of one unknown in terms of the other will involve a translation of a sum.  Finally, the two unknowns will sum to a given total, completing the similarity to the simple number problem.



First Unknown = x



Second Unknown = First Unknown + #



Total = First Unknown + Second Unknown


Example:
The Ringers play 5 more games than the Setters during a 




regular season.  If together they play a total of 51 games 




how many does each team play?


Example:
The greatest producer of diamonds in carats is Botswana.  This 




country produces about four times the amount produced in Angola.  




If the total produced in both countries is 40 million carats, find the 




amount produced in each country in millions of carats.

Example:
A 46 foot piece of pipe is cut into three pieces so that the 2nd is 

three times as long as the first piece, and the 3rd piece is two feet 

more than seven times the length of the 1st piece.  Find the lengths 

of the three pieces.

*Note:  The phrase in bold, can also seen as: “as many _______ as” and I’d like to put in an explanation at this time.  It can be difficult to reason out, so I will give you the long and short – when you encounter this phrase take the number/variable(thing) that comes before the phrase and multiply it by the number/variable(thing) that comes at the end of the phrase.  If there is something in the middle set it equal to the product.  e.g.  There are 5 times as many quarters as dimes translates to 5(dimes)=quarters.


Example:
In my tamale pie recipe there is ½ as much cumin as there is salt.  

If I make a recipe using the basic ingredient ratio there is a total of 

¼ teaspoon (tsp.) of both cumin and salt.  How much salt must I 

use?

Geometry Problems

Complementary and  Supplementary Angle Problems

A degree is the basic unit of measure in angles.  It is defined as 1/360th of a rotation in a whole circle.  A degree can be denoted by a tiny circle above and to the right of a number (().  A  right angle (denoted with a square inside the angle; see below) is a 90( angle and a straight angle is a 180( angle.  Complementary and supplementary angles are related to right and straight angles respectively.  Just one more note – the word angle can be written short hand with the symbol (.

Complementary angles sum to 90(.  (I remember complementary is 90( because it comes before 180( and "C" is comes before than "S" in the alphabet.)


Example:
The following angles are complementary.


Supplementary angles sum to 180(.  (Likewise, I remember supplementary is 180( because it comes after 90( and "S" is comes after than "C" in the alphabet.)
Sometimes we will be given the information that two angles are either supplementary or complementary, but we will only be given the measure of one angle and we will have to use algebra to find the missing angle.  


Example:
Find the missing angle:


Example:
If the sun is at a 45( angle from the eastern horizon, what is its 




angle from the western horizon (assuming that there is a straight line 




between the two).

While we are on the topic of angles let's briefly discuss a topic that comes up in some exercises – the number of degrees in a triangle.  We have discussed the three-sided polygon before in terms of its perimeter, but we have not discussed any other properties of this figure.  Since there are three sides that make up a triangle, each pair meet at an angle, and although each angle in any given triangle is unique there are some basic rules that they must adhere to.  The most basic is that the sum of all angles in a triangle (degrees in a triangle) is always 180(.  This means that no angle can ever measure 180( or more.  A triangle with 3 equal sides is called an equilateral triangle.  An equilateral triangle has three equal angles as well.  Another special triangle is an isosceles triangle.  An isosceles triangle has 2 equal sides and the angles opposite those sides are also equal.

Example:
In a triangle, the second angle is 5( less than the twice the 



smallest and the largest is 10( more than four times the 



smallest.  Find the largest angle's measure.

Next we’ll remind ourselves of the formula for the Perimeter of Rectangle.  The distance around the outside of a geometric figure is its perimeter.  Here is the formula for perimeter of a rectangle:



P = 2 l  + 2w

where l = length  &   w =  width

Example:
An architect designs a rectangular flower garden such that the 

width is exactly two-thirds of the length.  If 260 feet of antique 

picket fencing are to be used to enclose the garden find the 

dimensions of the garden.
Consecutive Integer Problems  

These are of the same form as number problems, but with the twist that you must correctly define the integers using a variable and an expression(s) for the consecutive integers.  Here is the trick.


Consecutive Integers – Define 1st as x and the next as x + 1, next as x + 2, etc.


Consecutive Even/Odd Integers – Define 1st as x and next as x + 2, next as x + 4, 

 




       and so on.


Example:
The difference of 2 less than three times the 2nd consecutive 

integer, and 1 more than twice the 1st consecutive integer is 122.  

Find the two consecutive integers.


Example:
Maria is building a bookcase with stepped shelves.  She buys a 48 

inch board and wants to cut it into 3 pieces whose lengths are three 

consecutive even integers.  Find the 3 board lengths.

Supplementary Material for §1.6 – Percentages
We can write percentages as parts of 100, but since a percentage is a fraction in fractional form it needs to be reduced.


Example:  
75%  
=  0.75  
=   75   
=   3 








    100

     4

Recall from the review in the Ch. 1 notes on pages 10 & 11.  These are called equivalent forms, because they indicate the same thing.  Let’s review and practice.

Here is a shortcut for converting a decimal to a percentage and a percentage to a decimal:

Fraction to a Decimal ( Divide the numerator by the denominator (show repeat)

Decimal to a Percentage (  Move the decimal two places to the right


Percentage to a Decimal (  Move the decimal two places to the left


Decimal to a Fraction ( Put the number to the right of the decimal over a factor 

of 10 with the same number of zeros as the number of digits and reduce


Example:  
Express 35 %  as a reduced fraction


Example:
Express 12 ½ % as a decimal

Example:  
Express 2/7 as a percentage


Example:  
Express 0.982 as a percentage

We will be seeing percentage problems in word problems.  The following will be the forms that we will be seeing and their corresponding algebraic equation.

	Forms
	Algebra Equation

	Percent of a number is what
	 (%)(number) = x

	What percent of a number is the total
	 (x%)(number) = total

	Percent of what is the total
	 (%)(x) = total


It will help to do your problems in the following manner in order to later use them as part of a word problem.  You may use the is over of method if you wish and set up a ratio, but I find that more cumbersome and I don’t wish to discuss it now (especially since we haven’t yet discussed ratios and won’t until chapter 7).

	Rewrite all problems into this form
	Make Algebraic Equation

	------% of -----(whole) is --------(part)
	Percent Missing      72x  =  36

Note: x will be a decimal, convert to %

	
	Whole Missing        0.5x  =  36

Note:  Change percent to a decimal to solve

	
	Part Missing           0.5(72)  =  x

Note:  Change percent to a decimal to solve



Example:  35% of 18 is what?

Example:  16% of 10 is what?


Example:  _____% of 10 is 6?


Example:  17% of _______  is 12?


Example:  81% of _______ is 62?

The key to doing word problems with percentages is to remember the form and to put each problem in that form!  % * whole = part

Example:
Tax is 8 ¼ % in some areas of California.  What amount of tax will 

be paid on an item that costs $12.96?


Example:
The price on the item was $7.25, but I had to pay $7.85 for the 

item.  What was the tax? (Round to the nearest hundredth of a percent)


Example:
Tom and Huck spent 18% of the time that they told Tom's aunt it 

took them to white wash the fence fishing.  If they spent 7 hours 

fishing, how long, to the nearest hour, did they tell Aunty that it 

took them to paint the fence?

Now the application of the percentages.

Percent Increase/Decrease

Percent increase or decrease problems always involve the original price.  They are usually 2 step problems, where you must first find the amount of increase or decrease, and then find the percentage of the original (old) price.

% of original = increase/decrease
Sometimes the original price will be unknown & the increased/decreased price will be known, which will create a little more complex Algebra problem.




Original Price =  x




Increase =  New Price  (  Original 




Or




Decrease =  Original  (  New Price


Example: 
A premed student at a local university was complaining 


about the $158.60 she had just paid for one of her text 


books.  This price included tax.  What was the price of the 


book before tax if the tax rate is 9%?

Cost and Revenue Problems
These problems involve economics – the cost of producing a certain number of items (the unknown) and the revenue (money made) by producing the certain number of items.  Most of the time, we will be interested in the break-even point, where Cost = Revenue (C = R).  Both Cost and Revenue equations are what I call a linear equation.  Cost is the overall start-up cost, baseline, plus the cost per item of producing.  Revenue, although still a linear equation, does not contain a baseline, since we are typically selling the items for a fixed amount.


Example:
The revenue from selling computer boards can be described as 

R = 60x, and the cost of producing these boards can be given as 

C = 50x  +  500.  How many boards must be sold in order to break 

even?  How much will it cost to produce the number of boards 

required to break even (the start up cost)?
§1.7 A Numerical Approach: Modeling with Tables

Linear equations in one variable are used to model things that have a base-line cost/output and then a per item “cost” above or reducing the base-line.  We can represent these equations in one or two variables, but we typically start out using just one variable, the item.  This chapter uses tables, reminiscent of t-tables used in keeping track of the x & y values in linear equations in two variables to begin modeling these linear equations for 2 reasons.  The first reason is that a table is a nice way of keeping track of the same information under differing circumstances and the second is that it sets up use of the t-table that will be used in conjunction with linear equations in two variables.  To see the link, between a linear equation in one variable and one in two variables, I just need to remind you that y’s in a function are the dependent or output variable, and that is what you get when you evaluate a linear equation in one variable at a particular value – you get an output value (your y-value).

I’m going to focus on the modeling aspect in lecture, and you can “focus” on the table aspect in the problems that you have for homework.  Some of the models in this section have to do with formulas, so you may need to review some of the following geometry formulas:

Some common formulas are:

Geometry Formulas:



Perimeter of





Rectangle

P = 2l   +  2w






where l = length  and   w =  width



Square


P =  4s






where s = side length



Triangle

P  =  s1  +  s2  +  s3






where s1, s2 & s3 = side lengths



Circumference of Circle







C  =  2(r  =  (d






where ( = pi ( 3.14 or 22/7






           r = radius (distance from center to outside)






           d = diameter = 2r 








(distance from one side to other through the center)


Area Of





Rectangle

A = l ( w




Square


A = s2



Trapezoid

A = 1/2 h(B1  +  B2)






where h = height (from base to base at right ()






          B1 & B2 = bases (parallel sides)



Circle


A  =  (r2



Triangle

A  = ½ bh






Where h = height (from a vertex to a side forming 








      a right ().







b = base (side that height meets)

Volume of





Rectangular Solid
V  =  l (w (h




Cube


V  =  s3



Cylinder

V  =  (r2h




Sphere


V  =  4/3(r3



Square or Rectangular Pyramid







V  = 1/3 l (w(h

Degrees Fahrenheit & Celsius

F =  9/5  C  +  32
where C = Degrees Celsius

C =  5/9(F  ( 32)
where F = Degrees Fahrenheit
Profit & Revenue


P  =  R  (  C

where P =  Profit (money made) 





          R = Revenue (money coming in)




          C = Cost (money spent)
Interest: Simple & Compound

I = PRT

where P = Principle , R =  Rate   and T = Time (in yrs)

I = P(1 + R/n)nT

where n = number of times compounded in a year
Distance

d = r ( t

where d = distance, r = rate  and  t = time

Some of your exercises will involve using formulas like those above to complete a table that lists various values of the independent values to arrive at the dependent value that the formula yields.  For example if you want to find the temperature of a room in Celsius and you know the temperature in Fahrenheit then you can create a table of input/output based on the temperature conversion formula, where Fahrenheit temperatures are input (independent values) and temperature in Celsius, based on the formula C = 5/9(F – 32), is the output (dependent value) for each input. 

That is not where I want to spend lecture time, however.  We are going to discuss how to create a linear equation, a formula if you will, to model a real world circumstance. Let’s start with the general set up.



Baseline =  A known quantity that is unchanged based on the independent



# of items =  The unknown, input, independent value



“Cost” per item =  A given/know quantity



Total Cost = Baseline ± (#of items)(“Cost” per item) =  Value to Calculate 










 or A Known Quantity


Example:
Sam is paid on commission in addition to his salary.  His salary is 




$350 per week plus 5% of his weekly sales.  Set up an equation 




that will give Sam’s weekly pay based on his weekly sales.  Then 




create a table that could be completed to give Sam’s weekly pay if 




he sold $400, $2000, or $2500 during a week.


Example:
Josephine has to use the pay phone because her cell phone has 




died.  To pick up the receiver and make a call it will cost her 50¢, 




and after the first 3 minutes each additional minute it will cost her 




25¢ per minute.  Write an equation to describe the cost of a phone 




call based upon the total number of minutes she is on the phone 




(that’s including her initial 3 minutes).  The create a table that could be 




completed to give Josephine’s cost for a 5, 7, 12 minute phone call.


Example:
George’s car gets an average gas mileage of 24 mpg, if his car’s 




tank holds 14 gallons of gas, write an equation that will give the 




amount of gas left in George’s car, based upon the number of miles 




he has driven. (Hint:  miles per gallon is what you have and you want to 




create gallons from an expression with miles.  Think of mpg as a rate, what you 





learned in Algebra in rational expressions, 1 over total is a rate, times miles)  




Then create a table that could be completed to give the number of 




gallons left in George’s tank after driving 50, 150, 350 miles.
§1.8  Formulas and Problem Solving
Some of the formulas that I put into the last section appear in this section, both in word problems and in problems where we solve a formula for a single variable.  We discussed this in our basic review during night 1 or 2 of class.  Let’s review the solving of a formula for a single variable 1st and then we’ll do a couple of problems that involve formulas.

Solving for Variables when More Than One Exists

Focus on variable!! (highlight the one that you are solving for)
Focus on isolating the one variable!!!


What is added to (subtracted from) the one variable of focus



Undo this by addition property (adding the opposite)

What is multiplied by (what is it divided by) the one variable of focus



Undo this by using the multiplication property (mult. by reciprocal)

Example:
a)
Solve 
T  =  mnr

for n



b)
Solve    3x  +  y  =  7

for y



c)
Solve    A  =  P  +  PRT  
for R



d)
Solve
S  =  2πrh  +  2πr2
for h

Example:
A lawn is the shape of a trapezoid with a height of 60 feet and 

bases of 70 feet and 130 feet.  How many whole bags of fertilizer 

must be bought to cover the lawn if each bag covers 4000 sq. feet?


Example:
For the purpose of purchasing new baseboard and carpet,

a) Find the area and perimeter of a rectangular room measuring 11.5 

feet by 9 feet.

b) For which would you need to find the perimeter?  The baseboard 

or the carpet?

Example:
Mildred traveled the first 120 miles in 3 hours.  What was her 
speed?  How long would it take her to travel 400 miles at the same 
speed?

Example:
If it is 52( F, what is the temperature to the nearest degree in 
Celsius?

Example:
If it is 27( Celsius, to the nearest degree what is the temperature in 
Fahrenheit?
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