§9.1 & 9.2 (Ed 6) Vectors, Operation & the Dot Product (§8.4 & 8.5 in Ed 5)
I may be changing these in coming days as I ascertain whether they match the Stewart text closely enough.
A vector involves 2 measures, one of direction and one of magnitude. We can represent vector quantities with a directed line segment in which the length represents the magnitude and the angle represents the direction. Vectors, like line segments, can be written using 2 capital letters or a single lower or upper case letter. Because vectors are directional, when 2 capitals are used, the 1st represents the initial point and the 2nd the terminal point. The magnitude is the absolute of the vector.

Example:











Called:
a  or A or AB or AB








Magnitude written: | AB | = 25







Called:
Negative a, the vector that has the 








same magnitude, but the direction is 








opposite.








–a or –A or –AB








| a | = | –a |

Adding vectors can be thought of as solving the long side of the triangle formed when 2 vectors are placed initial to terminal side or finding the diagonal of a parallelogram formed by placing initial sides together.

Example:
V + U

a)





b)



The difference is found by adding the opposite of a vector.

Example:
V – U






then



therefore,

Finally, we can make some sense of vectors if we put them in our familiar coordinate system. When a vector is placed with its initial point at the origin it is called a position vector with its endpoint at (a, b). We write a position vector u, in the following way:





u  =  < a, b >

where a & b are the horizontal and vertical components of the vector, respectively. The positive angle between the x-axis and the vector is the direction angle.

The Position Vector:

u = < a, b >






The Magnitude of u:
| u | = √a2  +  b2






tan θ =   b  
, a ≠ 0 







  a






a = | u | cos θ
&
b = | u | sin θ

Note:  Since the values of a and b are given as the magnitude times the sine or cosine values, another way of looking at the position vector is < | u | cos θ, | u | sin θ >
Example:
Find the magnitude and direction of u = <-5, 4>

Now, more practice with the horizontal and vertical components.

Example:
If v has | v | = 14.5 and θ = 220°, find the horizontal and vertical 



components of the position vector v
Example:
Write each vector in terms of < a, b >

a)
u     if     | u | = 8  &  θ = 135°


b)
v     if     | v | = 4  &  θ = 270°


c)
w     if     | w | = 10  &  θ = 340°


Now let’s practice adding vectors. Since we deal with parallelograms when adding and subtracting vectors, you should know the following facts about parallelograms:



1)
A parallelogram is a quadrilateral with 2 sets of parallel sides



2)
Opposites sides and angles are equal



3)
Adjacent angles are supplementary



4)
The diagonals bisect each other, but don’t necessarily bisect the 




angles

Example:
The vectors u & v are initial point to initial point.  If | u | = 32 & | v | = 48 



and the angle between them is 76°, find the magnitude of the resultant 



vector, w.

Using geometry, the following properties of operations with vectors can easily be shown. See page 337 of Lial’s text for further explanation. The following is a summary of what we need to know.



1)
<a, b> + <c, d>  =  < a + c, b + d>




Add “a” components & add “b” components



2)
k • <a, b> = <k•a, k•b>




Multiplying by a scalar, multiplies each component by the scalar.



3)
If a = <a, b> & –a = <–a, –b> 




then <a, b> – <c, d> = <a, b> + –<c, d> 




= <a, b> + <–c, –d> = <a – c, b – d>




From 1 & 2 above subtraction is the addition of an opposite.

Example:
Let u = <6, -3> and v = <–14, 8>.  Find

a)
u + v


b)
–1/2 v


c)
5u  +  2v
A unit vector has magnitude 1. We have 2 important unit vectors i & j (not to be confused with the i & j of complex numbers)



i = < 1, 0 >


&

 j = < 0, 1 >

Every vector <a, b> can be expressed in terms of i & j in the following manner:





< a, b >  =  a i + b j
since this means a< 1, 0 > + b< 0, 1 >

which is equivalent to < a, 0 > + < 0, b >

which is equivalent to  < a + 0 , 0 + b > or < a, b >

The unit vector is important in applied sciences such as physics.

Example:
Give the position vector for
4i  +  -7j

Example:
Find
a)  2a

b)
2a  +  3b
c)
b  –  3a
for






A  =  –i  +  2j  &  b  =  i  –  j
Write it in terms of both the position vector and as an expression in terms of i & j
Next, we will study another important application of vectors, the dot product. This is used to determine the angle between 2 vectors. It can help solve physics problems and derive geometric theorems.

Dot Product

u • v  =  a • c  +  b • d



The dot product of vectors u & v is found by multiplying their



“a” & “b” components and summing the products.

Properties of Dot Products


1)
u • v = v • u




Dot products are commutative



2)
u • (v + w) = u • v  +  u • w




Dot products are distributive



3)
(u + v) • w = u • w  +  v • w




Dot products are commutative and distributive



4)
(ku) • v = k(u • v) = u • (kv)




Multiplication by a scalar, is associative



5)
0 • u = 0




Multiplication property of zero



6)
u • u = | u |2



Dot product of a vector with itself yields the magnitude squared

The angle between 2 vectors is very important, as we have seen (as in u + v or u – v). Thus the next interpretation of the dot product is quite nice. Lial gives on explanation on page 339-340.
Geometric Interpretation of the Dot Product


    When the angle θ between   u  &  v   is in the interval [0, 180°], then





u • v  =  | u | | v | cos θ

Example:
To the nearest 10th of a degree, find the angle between 




u = < 5, –12 >  &  v  =  < 4, 3 >

Example:
Find the angle between the vectors
2i  + j  and  –3i  +  j

One last note before we close. When 2 vectors are at right angles they are called orthogonal vectors. The dot product of orthogonal vectors is zero (since the cosine of 90° is zero).

Example:
Find the dot product of u = < 1 , 1 >  &  v  =  < –1 , 1 >.  What does this 



mean?

Example:
Is the following pair of vectors orthogonal?

–4i  +  3j  &  8i  –  6j
Terminal side





A





B





45°





25 mph





B





–a





Initial side





V + U





V + U





U





U





V





V





V





U





–U





–U





V





V – U





(





b





a





u





(a, b)
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